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Under the assumptions given earlier, OLS is BLUE.
In other cases it is not always possible to find unbiased estimators.

In those cases, we may settle for estimators that are consistent.

Consistency means that the distribution of the estimator collapses to
the true parameter value as n — oo.
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Consistency

Example
Autoregressive model of order 1 (AR(1) model)

Ve = ayr1 + up, up ~ iid(0,0?), |a| <1, t=2,..,n.

We cannot have E(u¢ | y1, ..., ¥n) = 0 because

Ve = Up + qu;_1 4+ aus_o + ... Thus, the conditions for the Gauss-Markov

theorem are not satisfied. The OLS estimator of a, & = % is
t=2Vt—1

biased. However, we can show that it is consistent.
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Consistency of OLS

@ Under the assumptions given earlier, the OLS estimator is consistent.

o Consistency can be proved for the simple regression case in a manner
similar to the proof of unbiasedness.
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Convergence in probability

@ Let X be a random variable and {X,} a sequence of random
varialbes. If for e >0

lim P(|X,—X|>¢)=0,
n—oo
Xy, is said to converge in probability to X, written
X, & X.

X is known as the probability limit of X, written

X = plim,_X,.
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Convergence in probability

Chebyshev's inequality For € > 0,
P[|X, — X| > €] < E(X, — X)?/¢.

Proof. Consider an indicator function that take value 1 if
| X, — X| > € and zero otherwise. Write this as
1{|Xn — X| > ¢€}. Then,

P[|X, — X| > €] = E1{| X, — X]| > €}.

IF X, — X| > e, XXE 5 1 and
2
1{|X, — X| > e} < XX yf
2
X, — X| <&, 0=1{|X, — X| > ¢} < X XL (> 0). Thus,
|2

Xn— X
{| X, — X| >e} < |"€2 with probability 1,

2
which gives E1{| X, — X| > ¢} < E‘X"siz)q
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Convergence in probability

The weak law of large numbers
Let {X;,i > 1} be a sequence of iid r.v.s with mean y and variance o~.
Then

2

1!7
—ZX;iyasnﬁoo,
=i

because for ¢ > 0

n

P] >£]§E[%Z(X,-—y)] /2=2__,0

1 n
Y Xi—u

as n — o0,

i=1
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Convergence in probability

Some useful results regarding stochastic convergence are:
1. X, & X and g (-) is a continuous function

:>g(X,,)ﬁ>g(X).

1  with probability %
Xn = o .- i3 1
0 with probability 1 —

Obviously, X, 2 0. Let g (x) = x + 1. Then, g (X,) 2 g (0) =
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Convergence in probability

2. Suppose that X, L. X and Y, 2> Y. Then

Xo+ Y, 2 X+Y
X, Y, 25 XY

Y, Y
2 2, — when X # 0 with probability 1.
X, X
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Consistency of OLS in simple linear regressions

@ Consider the simple linear regression model

Ye = By + Prxe + u,

for which we assume that {x;} is a sequence of constants. Recall that

n
By— By =) weu,
t=1

Xt —X

where Wy = m
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Consistency of OLS in simple linear regressions

@ Using Chebyshev's inequality, we find

Thus, if Yty (x — %)% — 00 as n— oo, B, 2> B, asas n— co. Or if
the variance of B, goes to zero as n — oo, the OLS estimator is
consistent.
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Consistency of OLS in simple linear regressions

@ An alternative way of studying consistency of OLS: Write

A . 2!721 (Xt—)_() Ut/n
P = T e

and assume Y7, (x; — X)2/n — M (> 0). Then,

1Z& 1 0
P[*Z(Xt—)_()ut > €]§7E<Z(Xt—X)ut)2/€2
N3 3
_ Pl (e — %) 0
n2g2
Thus, B, — B, = % =0.
A useful fact IfanLaand anbaanm,Z—:L%asneoo.
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Consistency of OLS in simple linear regressions

o If {x;} is a sequence of r.v.’s, assume
1LY (x—x%)2/n-—L5 M (>0)

2.x 1L
3. EX? < c (ER) forall t
4.
E (ue|all x's) = 0 for all ¢.
and

Var(ut|all X/S) = 0’2 forall t = ]_,2, -e-n
Cov (uy, us|all x's) =0 for all s # t. '
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Consistency of OLS in simple linear regressions

o Write

n (Xi’__) Ut/n

A N S

The denominator converges to M in probability. For the nominator,

we have

Z Xeut

1 n
> ¢ < nQEE{(thut)ﬂa// x's} /€2
t—=

2yl Ex? o’c
— Te=1Ph T 5
n?¢2 ne2
due to Assumptions 3 and 4, and >‘<% Yorqu —2., 0, which imply that
the nominator converges to 0 in probability. Thus, Bl - By 250
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Consistency of OLS in simple linear regressions

@ Using this method,we can show consistency of the OLS estimator for
the AR(1) model. Write

A— = Yt Ye-1Ur
==l
Yi—2Yi1
. 2
Then, if |a| < 1, we can show that £ Y7, y2 | L 727 and that

%2?22 Yeo1up —= 0.

@ For unbiasedness, we assumed a zero conditional mean
E(ut|all x) = 0. This implies E(u:f(all x)) =0, where f(-) is any
function.
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Consistency of OLS in simple linear regressions

@ Consistency can hold even when there are serial correlations in the
errors. For example, consider the simple linear regression model

Y = ﬁo + ,let + uy,
where uy = e; + 0e;_1. Then,

B~ B Xl (e —X)e/n+ 0¥ (xe —X) et 1/n
! Yio1(x —%)2/n
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Consistency of OLS in simple linear regressions

@ Thus, if
1LY (x—x)2/n-L5 M (>0)
2. x L L (eR)
3. Ex? < c (€R) forall t
4.
E (et|all x's) =0 for all t.

and
{ Var (e¢|all x's) =02 forall t=1,2,--- ,n

Cov (e, eslall x's) =0 for all s # t.

p; is consistent.
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Large sample inference

@ Recall that under the assumption of normality for the errors, the
sampling distributions are normal, so we could derive t and F
distributions for testing.

@ This assumption of normal errors implied that the distribution of y,
given the x's, was normal as well.

@ It is easy to come up with examples for which this exact normality
assumption will fail. Any clearly skewed variable, like wages, arrests,
savings, etc. can't be normal, since a normal distribution is
symmetric.
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Large sample inference

Assume as before

@ {x;} is a sequence of random variables that satisfies some other
conditions.

@ xj; is not linearly related to x;¢ for any i and j(# i). (No redundant
information in regressors)

@ Zero conditional mean of the disturbance
E (ut]all X's) = 0 for all t.

Whatever values xq1, x12, <Xk (n—1)1 Xkn take, the mean of u; is zero.
This assumption implies

E (us) = 0 and Cov (ut, xjt) = 0 for any t and j.
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Large sample inference

4. Spherical disturbances

Var (ut|all x's) = 0% forall t =1,2,---,n
Cov (ut, us|all x's) =0 for all s # t.

The assumption of common variance for u; is called homoskedasticity.
@ Under these assumptions, we have

(B, —8;) /y/Var(B)) = N (0,1)). (1)

2

here Var(B.) = 5 z . That is, B is approximatel

W <‘BJ) i1 (xje—%;)(1-R?) is, f is approxi y
. . 2

normal with mean B and variance g

Yoot (e —%)2(1-R?)
@ Here "~" implies “convergence in distribution.”
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Large sample inference

o Let F,(x) and F(x) be distribution functions of X, and X,
respectively. If F, (x) — F (x) at every continuity point x of F, F, is
said to converge weakly to F, written F, = F. In this case, {X,} is
said to converge in distribution to X where X is a random variable

with distribution function F, written X, A X.

Let {X;,i > 1} be a sequence of i.i.d. r.v.s with E (X;) = y and
Var (X1) = 02 #0. Then

@ Relation (1) can be written as

N

B, —B;
Var(B.)

gN(O,l) as n — 0.
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Large sample inference

0 X, % X and g (+) is continuous
d
= g (Xn) = g(X).

(This is called the continuous mapping theorem)

@ Suppose that Y, Y and X, 2 ¢ (a constant). Then

X, +Y, ety

X, Y, % cy
ﬁ d
X

—>thenc#0.
c

If X, 5 N (0,1), X2 % x2(1).
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Large sample inference

@ The t-ratio for the null hypothesis

Ho : B; = B].

is defined as R 0
i ‘Bj
Var(ﬁj)
- 2

S
Lo (e —%)?(1=R?)”

. 0
B8 o

—
N

Var(B;)

where Var(B;) = When n — oo,

N(0,1).
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Large sample inference

@ We deduce from the distribution of the t-test
P (BJ - Cﬂé/2SE(Bj) <B; < Bj + Ca/25E(Bj)) ~1—-w

The approximate 100(1-a)% confidence interval for B, is

[:Bj - Ct’é/2SE(Bj)' Bj + Crx/25E(BJ‘)} ,

where ¢, /5 is taken from N(0,1).
@ Consider the null hypothesis

Ho:B, =..=pB,=0.
The F—test for this null is defined as
R2/k

P = ARy h—k=1)

As n — oo,

kF < x> (k).
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Large sample inference

@ Consider the null hypothesis

Ho: By gin = = By = 0.

Estimate the restricted linear regression model

yt = Bg+Brxac+ ...+ ,Bk,qu—q,t + ut

and let the sum of squared residuals RSS,. The sum of sqaured
residuals from regressing y on xi, ..., xx is denoted as RSS,,
(unrestricted sum of squared residuals). The F—test for this null is

defined as
F_ (RSS, — RSSur) /q

~ RSS,/(n—k—1)

As n — oo,

d
aF = x*(q).
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