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Abstract

This paper proposes new estimators for panel autoregressive (PAR) models
with short time dimensions (T') and large cross sections. These estimators are
based on the cross-sectional regression model using the first time series obser-
vations as a regressor and the last as a dependent variable. The regressors and
errors of this regression model are correlated. The first estimator is the maximum
likelihood estimator (MLE) under the assumption of normal distributions. This
estimator is called the cross-sectional MLE (CSMLE). The second estimator is
the bias-corrected pooled least squares estimator (BCPLSE) that eliminates the
asymptotic bias of PLSE by using the CSMLE. The CSMLE and BCPLSE are
extended to the PAR model with endogenous time-variant and time-invariant
regressors. The CSMLE and BCPLSE provide consistent estimates of the PAR
coefficients for stationary, unit root and explosive PAR models, estimate the co-

efficients of time-invariant regressors consistently and can be computed as long
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as T > 2. Their finite sample properties are compared with those of some other
estimators for the PAR model of order 1. The estimators of this paper are shown

to perform quite well in finite samples.
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squares estimator, stationarity, unit root, explosiveness

1 Introduction

Panel autoregressive (PAR) models have been the focus of much research in recent
years. When the number of time series observations (7") is small, the PAR model of
order 1 (PAR(1) model) is often used in practice and, accordingly, much emphasis
has been given to the PAR(1) model. Broadly speaking, there are four approaches
to the estimation of the PAR(1) model. The most popular approach uses generalized
methods of moments (GMM) estimators. These estimators improve on Anderson
and Hsiao’s (1981) instrumental variables (IV) estimator in terms of efficiency. The
improved efficiency stems from additional moment conditions these estimators em-
ploy. Most notable papers studying the GMM estimators for the PAR(1) model are
Arellano and Bond (1991), Ahn and Schmidt (1995) and Blundell and Bond (1998).
But when the PAR(1) coefficient is close to unity, Arellano and Bond’s and Ahn and
Schmidt’s GMM estimators are subject to the problem of weak instruments as ana-
lyzed in Blundell and Bond. Blundell and Bond’s estimator does not share the same
problem, is known to be more efficient than the other two, and has been used widely
in applications.! Hahn (1999) shows that the efficient gain of Blundell and Bond’s
estimator comes from the initial condition they use. In addition, Hahn, Hausman
and Kuersteiner (2007) introduce a long difference regression model for the PAR(1)
process and devise a GMM estimator. They report via simulation that it is sometimes
more efficient than Blundell and Bond’s GMM estimator. Ashley and Sun (2016) im-
prove the GMM estimators for the case of stationarity using Hansen, Heaton and

Yaron’s (1996) continuous-updating method. Baltagi (2008) and Bun and Sarafidis

'But they can also be subject to the weak instrument problem as reported in Hayakawa (2007)

and Bun and Windmeijer (2010).



(2015) provide nice reviews on the literature on the GMM estimators for the PAR
model.

The second approach to the estimation of the PAR model is the maximum likeli-
hood estimation in differences. As alternatives to GMM estimation, Hsiao, Pesaran
and Tahmiscioglu (2002) and Kruiniger (2008) have proposed maximum likelihood
estimators (MLESs) using the differenced model, which are called the first difference
MLEs (FDMLEs). Differencing eliminates individual effects and a unit root, if any,
so that standard asymptotic theories seem to be applicable. But the FDMLEs have
a few problems that deserve our attention. First, functional forms of the likelihood
functions require assumptions on the initial observation, which in turn depend on
the location of the PAR(1) coefficient. Kruiniger (2008) assumes a stable coefficient?,
while Hsiao, Pesaran and Tahmiscioglu (2002) do not necessarily do so. When the
coefficient is greater than 1, however, the likelihood functions of Hsiao, Pesaran and
Tahmiscioglu (2002) and Kruiniger (2008) are no longer true likelihood functions as
indicated by Han and Phillips (2013, p.37, footnote 2). Asymptotic results may also
depend on the likelihood function. Han and Phillips (2013, pp. 41-42) prove that
Kruiniger’s (2008) MLE for the unit root case has a normal distribution in the limit
only when the stationary likelihood is extended outside its natural domain of def-
inition. Non-normal distributions follow if the likelihood function is formulated in
different ways. In other words, Kruiniger’s limiting normal distribution for the case
of a unit root is the consequence of using an incorrect likelihood function. Second,
because the FDMLE employs the differenced PAR(1) model, it becomes impossible
to estimate the coefficients of time-invariant regressors. Using the level model for
maximum likelihood estimation cannot be a remedy because it runs into the inciden-
tal parameter problem of Nickell (1981). Third, as indicated by Han and Phillips
(2013, p.36), the likelihood function under the stationarity assumption behaves so
wildly when the PAR coefficient is near and above unity that the global maximum is
often unidentified by numerical optimization procedures. This is a practical problem

researchers need to pay attention to in applications.

*Here, a stable coefficient implies that its value belongs to the open interval (-1,1).



The third approach employs least squares estimators (LSEs). Han and Phillips
(2010) and Han, Phillips and Sul (2014) introduce transformations of the PAR(1)
model that make the regressors and errors uncorrelated. Then, they apply LSEs to
estimate the PAR(1) coefficient. Being able to use LSEs is a convenient aspect of
this approach, but validity of their transformations depends on their assumptions on
the model and may not hold under different assumptions (see Subsubsection 6.1.2 for
more discussion). Hahn and Kuersteiner (2002) propose a bias-corrected Within-OLS
estimator of the PAR(1) coefficient. Gourieroux, Phillips and Yu (2010) also intro-
duce a bias-corrected Within-OLS estimator using the indirect inference method of
Gourieroux and Monfort (1993). In Hahn and Kuersteiner’s and Gourieroux, Phillips
and Yu’s approaches, it is required that 7" — oo and that the PAR(1) coefficient takes
values less than 1, which may limit their use in practice.

The fourth approach is the maximum likelihood estimation in level suggested by
Anderson and Hsiao (1982). They assume exogenous regressors and various types of
the initial variable. How to extend Anderson and Hsiao’s approach to the case of
endogenous regressors does not seem to be obvious. In addition, they do not consider
the case where the PAR(1) coefficient takes values greater than or equal to 1, and
the type of the initial variable considered in this paper.

The purpose of this paper is to suggest a new approach for the estimation of the
PAR(1) model. This approach employs the cross-sectional regression model using
the first time series observations as a regressor and the last as a dependent variable.
Because the initial observation and the individual effect are correlated, the regres-
sors and errors of the regression model are dependent, making is inappropriate to
use LSEs. Instead, an MLE is proposed for the regression model, assuming normal
distributions. The estimator is called the cross-sectional MLE (CSMLE). This esti-
mator employs a basic result in multivariate analysis for endogeneity correction that
has seldom been used in econometrics. The likelihood-based endogeneity correction
of this paper turns out to be quite promising and can also be used for other struc-
tural econometric models. The CSMLE makes it feasible to estimate the asymptotic

bias of the pooled least squares estimator for the dynamic panel regression model.



The estimated bias can be used to construct a bias-corrected pooled LSE that will
be called the bias-corrected pooled least squares estimator (BCPLSE). Asymptotic
properties of the CSMLE and BCPLSE are studied in this paper. The estimators are
also extended to the PAR(1) model with endogenous time-variant and time-invariant
regressors. In addition, their finite sample properties are compared with those of
some GMM estimators and LSEs. It is found that the new estimators of this paper
perform quite well compared to the other estimators.

There are some advantages of this paper’s approach. First, there are no restric-
tions on the parameter space of the PAR(1) coefficient. It can be any compact subset
of the real line. By contrast, most papers require the parameter space to be either
(-1,1) or (-1,1]. The parameter space has important implications for the conventional
MLEs as discussed above. Moreover, it is possible to estimate the PAR(1) coeffi-
cient consistently by using the CSMLE and BCPLSE even when it is greater than
1. This explosive case is potentially important for applications to financial data. For
example, bubbles of financial markets are modelled using an explosive, univariate AR
process in Phillips, Wu and Yu (2011).

Second, coefficients of time-invariant, endogenous regressors can be estimated
along with other parameters. Because all the procedures discussed so far except
Anderson and Hsiao (1982) use differencing or within-group demeaning, it is impos-
sible to estimate the coefficients of time-invariant regressors. Of course, one can use
the estimated PAR(1) coefficient for the cross-sectional, IV regression that yields
a consistent estimator of the coefficient. But the IV regression needs instrumental
variables that are sometimes difficult to find or only weakly correlated with the re-
gressors in applications. The CSMLE and BCPLSE of this paper do not require
instrumental variables, which must be a useful aspect of the estimators particularly
when instruments are non-existent or weakly correlated with the regressors. Instead,
a likelihood-based endogeneity correction is used to obtain consistent estimators of
coefficients of the endogenous regressors.

Third, the estimators of this paper require T' > 2, while most of the aforemen-

tioned estimators require at least 3 or 4 time series observations. For new panel data



sets, this is an important advantage.

There is a difference between this paper’s model and that of the papers mentioned
above. This paper takes the random effects approach in the sense that individual ef-
fects variables are modelled as random variables having a common variance. For
the papers mentioned above except Anderson and Hsiao (1982), individual effects
variables can be either random or nonrandom, because they are eliminated anyhow
by differencing or within-group demeaning. In spite of this difference, the LSE and
least-squares-dummy-variables estimator are inconsistent in both the models when T
is fixed. Moreover, it does not seem to be important in many applications whether or
not the individual effects variables are random. Of course, if there is any compelling
reason to believe that individual effects are constants or that they are random vari-
ables with heteroskedasticity, methods using the differenced model need to be used.
But the method of this paper works quite well when the individual effects variables
have only mild degree of heteroskedasticity as will be seen in Section 6 via simulation.

This paper is planned as follows. Section 2 introduces the model and basic as-
sumptions. Section 3 introduces the CSMLE and studies its asymptotic properties.
Section 4 proposes the BCPLSE and studies its asymptotic properties. Section 5
extends the CSMLE and BCPLSE to the PAR(1) model with endogenous regressors.
Section 6 introduces various estimators used for simulation and reports simulation
results. Section 7 provides summary and further remarks. Proofs are relegated to
Appendix.

A few words on our notation. R and R' denote the set of real numbers and
the set of positive real numbers, respectively. Convergence in probability and weak

convergence are denoted by 2, and ~>, respectively.

2 The model and basic assumptions
We are concerned with the unobserved components model for the panel data {y;}

Yit = W +xi, =1,...,N; t=1,...,T), (1)



where {z;+} is unobserved and follows the AR(1) model
Tit = QTit-1 + Uit (2)

As usual, ¢ and ¢ are indices for individuals and time, respectively, and {u;} de-
notes the unobserved individual effects. In Model (1), {z;;} brings dynamics to the

evolvement of {y;;}. Model (1) can be written in a more familiar format as
Yit = (1 — @) + ayir—1 + i (3)

This model has been used in various works for the estimation of dynamic panels. The
reader is referred to Hsiao (2003, p.76) for the comparison of Models (1) and (3).

Regarding the individual effects variable p;, let

:U’Zzlu’+mlv

where p is a fixed constant and m; is a random variable. Using this relation, Model

(3) can be written as
Yit = (1 — @) + ayir—1 + uig + mi(1 — @) (4)

The following assumption introduces the basic characteristics of the individual

effects {m;}, the error terms {u;;} and the initial variables {z; }.

Assumption 1 (i) m; ~i.i.d. N(0,02)) and o2, > 0;
(ii) uiy ~i.i.d. N(0,02) and o2 > 0;
(iti) 1 ~i.1.d. N(0,02)) and 02, > 0;

() {mi}, {uwit}1=2, 1 and {z;1} are independent.
Parts (i) and (ii) of this assumption are of standard nature in dynamic panel data
analysis except that the normality assumption is made for maximum likelihood esti-
mation. Note that the variance of z;1 is not assumed to be equal to 02 /(1 — o?) part
(iii), which is often assumed in the literature on time series and dynamic panels when

€ (—1,1). In this paper, we just require that parameter o belong to a set of real



numbers. It is even allowed to be greater than 1. Under Assumption 1, note also
that the initial observation y;; and the individual effect variable p,; are correlated. In
fact, Cov(yi1, ;) = o2,. This shows that there is no need for an extra parameter that
signifies the non-zero covariance between y;; and p,.

Under Assumption 1, running OLS or Within-OLS on Model (4) does not pro-

vide a consistent estimator of the parameter a because Cov(y;¢—1,ui) = Cov(m; +

2

~ is not zero unless « is equal to one.

Tig—1,uy +mi(l —a)) = (1 —a)o

3 Cross-sectional maximum likelihood estimation

This section introduces a cross-sectional maximum likelihood estimator (CSMLE) for

Model (1).3 Model (1) can be written as
Yit :M+at_1xi1+wit+mi7 (t: 25"'5T)7 (5)
where w; = Z;;% aJu;y—j. Because z1 = y;i — , relation (5) gives for t =T

yr = p+al ey wr +my (6)

= (1= p+a" Yy +wir + (1" Hmy.

Running OLS on this equation does not yield a consistent estimator of the regression
coefficients because ;1 and m; are correlated unless @ = 1. As an alternative, we
consider maximum likelihood estimation in this section. For the maximum likelihood
estimation, it is required that 7' > 2. Even at T = 2, the MLE of a can be obtained.
This feature is not shared with extant estimation methods in dynamic panel data

analysis.

$The CSMLE can also be considered for Model (1) in differences. That is, the CSMLE can be
derived for the model Ay;r = o’ “2Ay;z + dir, where dir = Z;‘.Fz_og ol Au;r_j. But the resulting
information matrix becomes nonsingular at a = 1, from which it is expected that the estimator
performs poorly in the vicinity of @ = 1. In addition, when Model (1) is extended to that with
time-invariant regressors, differencing eliminates those variables, making it impossible to estimate

their effects on the dependent variable. For these reasons, the CSMLE for Model (1) in differences

is not pursued here.



Let v;r = wir + (1 — a”~)m;. Then, Assumption 1 gives

VT . 0 w11 W12
~iid N , ) (7)
Yi1 K Wiz W22
where
T—2
2 2j T—1y2 2 T—1y 2 2 2
wu:aug a4+ (1 —a" )0, wiz=(1—-a" ")op, and wee = 0}, + 0y
=0

2
Let w19 = w11 — %i The conditional distribution of v;p given y;1 (cf. Muirhead,

1982, p.12) is

w12 (

vir | yin ~i.i.d. N < Yil — ) w11.2) , (8)

w22

which gives
. T-1 T-1 W12
vir | yin ~1i.i.d. N <(1 —a T Hptat Ty + oo (yi1 — ) ,w11.2> . 9)

Relation (8) implies that v = z—; (yi1 — p) + <ir with ¢z ~i.i.d. N (0, wiy.2). This
representation bears resemblance to Chamberlain’s (1984) approach of modelling in-
dividual effects variables as linear combinations of regressors and unknown errors.
But relation (8) runs deeper than that in the sense that the coefficient 212 and the
variance w19 contain unknown parameters of interest, and this aspect will be utilized

for the maximum likelihood estimation.

Let zir = yir — (1 — T Yp — o’ ly;; — 22 (y;1 — p) . Note that z;p is inde-

w22

I

pendent of y;1. Relations (7) and (9) yield the likelihood function of the parameters

2 O'2 as

2
@, [y Oys Oms Ox,

2 2
m> le |

Lo, p, 02,0 YIT -y UNT Y11, -, YN1)

1 22
= Y, ———exp | ——L—
= 2nwi 0 P < 2w11.2>

1 (i1 — 1)°
xIIN, —— B
=1 \/ 2mwos xp < 2w99

The log-likelihood function is derived from this as
N o 2

N “i
o, 1, 2’ 27 2 _ _ _ T
(a, p, 04501, 0%,) €T3 n(wi2) ; 2wi1.2
N 2
N (yi1 — )
M — Y
5 n (wa2) ZZI Avyy



2 2

L, O, 0')2<1 are obtained by

where c is a constant. The MLEs of the parameters o, u, o
maximizing the log-likelihood function. Their properties are obtained by a standard

theory of MLEs (see, e.g., Newey and McFadden, 1994) and reported in the following

theorem.
Theorem 1 Let 0 = [a p o2 o2, 0}2(1]’. Additionally, let Ocsye and 0, be the
CSMLE and the true value of 0, respectively. Assume Ly = —F (82739%9:9 ) > 0. Let-

ting © be any compact subset of RXRXRT xRT xR™, assume 0, € interior(©). Then,
as N — oo,

(i) Ocsyre — 0o;

(ii) VN(Ocsure — 0o) ~ N (0, (I;l)w:%) :

This theorem shows that 9CSMLE is consistent for 6 even when the regressor
and the errors are correlated. This becomes possible thanks to the likelihood-based
endogeneity correction of this paper. The CSMLE is also normally distributed in
the limit. The CSMLE’s finite-sample properties are reported in Section 6. The
CSMLE will be used to construct a bias-corrected pooled LSE of parameter « as will
be discussed in the next section. The exact formula of the information matrix Zy
is quite complicated, but unreported here because it is not needed throughout this

paper.? Its estimates are usually provided by nonlinear optimization procedures.’

4 Bias-corrected pooled least squares estimator

This section proposes a bias-corrected pooled least squares estimator (BCPLSE) of «
for Model (4). We are interested in the PLSE rather than the least squares dummy
variable estimator because time-invariant regressors are not eliminated by the PLSE
procedure when it is extended to the model with time-invariant regressors.

; A D DD SF N (TR e ey T, _
The PLSE of « is defined as aprsg = S ST ) where y_1 =

It can be obtained from the author upon request.

’For example, in a Matlab procedure fmincon, hessian is an estimate of the information matrix.

10



1 N T
NT=T) Y it D 1o Yit—1. Because

aprLsg — o
S s Wi — §1) (wa + mi(1 - @))
Zf\; Z?:2(yi,t—1 —y-1)?
S Yo (i1 — T1 +ms — m)uie + (wip—1 — To)mi(1— )}
Zij\il ZtT:2(yi,t71 —7-1)?
(L= a)(T = 1) 3%, (my — m)m
25\21 ZtT:2(yi,t—1 —J-1)?

we have under Assumption 1,

: (10)

(1—a)(T 1)
1 N T 9"
plim 5 3750 > o (Yig—1 — §-1)
This means that &prgg is inconsistent for o unless a = 1. The BCPLSE using the

CSMLE is defined by

~ p
aOpLSE — & —

(1 —aosmre)(T — 1>61211€SMLE (11)
N T . .
% Yoict 2otoWit—1 — y-1)?

Asymptotic properties of the bias-corrected PLSE are reported in the following the-

QBCPLSE —

orem.

Theorem 2 Suppose that assumptions for Theorem 1 hold. Then, as N — oo,
(i) &pepLse —— o;
(ii)) VN(apcprse — o) = Op(1).

In practice, we may use BCPLSE to construct a two-stage BCPLSE using the
formula 11 with &cogarrr being replaced by dpcoprsg. Simulation results in Section
6 will show that the two-stage BCPLSE sometimes performs better than BCPLSE.

The limiting distribution of &pcprse depends on that of a linear combination
of \/iﬁ Zfil (m? —02) , VN (62 csmre — 02) and VN (&osnmre—a). Because these
are not independent, it is difficult to derive the limiting distribution of &pcprsg. Under
this circumstance, we can use bootstrapping for interval estimation of «. The inter-
val estimation can also be used for point hypothesis testing in the usual way. The

following steps provide bootstrap confidence intervals of c.

11



Step 1: Let y; = [yi1, ..., yir) . Choose y7, ..., y& randomly from {y;};=1,. ~
with replacements.

Step 2: Calculate BCPLSE of « using {y} }i—1,.. ~, which is denoted as

A%
XBCPLSE,b
Step 3: Repeat Steps 1 and 2 B times and record the values of {V N(&pcprspp—

&BCPLSE) }b=1,....B-
Step 4: Obtain the v/2-th and (1—v/2)-th percentiles of {\/N(d*BCPLSE’b—

&pcpPLSE)}b=1,..,8, Which are denoted as c, /5 and c(;_/2)-

The (1 — 7) x 100 percent bootstrap confidence interval for « is defined as
(dpopPLSE — 07/2/\/N7 OBCPLSE — 0(1,7/2)/\/N). Finite sample properties of the
bootstrap confidence intervals will be studied in Section 6.

Alternatively, one may resample the data using time series residuals for each i as
in the time series literature. According to some experiments the results of which are
unreported here, the bootstrap procedure given above provides far better results in
finite samples. A plausible reason for this is that the resampled data using the steps

above mimic the original data better than those based on resampled residuals.

5 An extension to the dynamic AR(1) model with en-

dogenous regressors
5.1 The model and assumptions
An extended version of Model (1) is
Yit = p; +'pi +za, (i=1,...,N; t=1,...,7), (12)

where {p;} is a sequence of observed, time-invariant variables of dimension I, and
{z;yt} is the same as in equation (2). Model (12) yields the conventional dynamic
panel data model

yir = pi(1—a)+ (1 —a)y'pi + ayii—1 + ui

= p(l—a)+ (1 —a)yYpi+ ayit—1 +uir + mi(l — ). (13)

12



We assume for Model (12)

Assumption 2

(i) Assume parts (ii) and (iii) of Assumption 1.

Ppp Ppm

2
¢mp Om

/
(ii) (pg m) ~iid. N(0,%), U >0and ¥ =

!/
(iii) {( piomy ) by {wit }t=2,.. 7 and {z;;} are independent.

Part (ii) of this assumption implies that all the regressors of Model (13) are endoge-
nous when ¢,,, # 0 in the sense that they are correlated with the error terms. This

feature makes OLS or Within-OLS unusable for Model (13).

5.2 CSMLE

Now, we consider CSMLE for Model (12) as in Section 3. Model (12) can be written
as

Yit = o+ 'pi + oo+ wi +my, (t=2,..,T),

where w;; = Z;;% ajui,t_j. Because y;1 = p; +v'pi + 241, we have for t =T

yr = pAr'pit ol yn — =o'+ wir +mg

= (1- ozT_l)u +(1- ozT_l)v'pi + oYy Fwir + (1- ozT_l)mi.

All the regressors {p;} and {y;1} are endogenous if ¢,,, # 0 and a # 1.

Let ¢;7 = wir + (1 — OéT_l)mi. Then,
C;T 0
i ~1id N 0 0, A, (14)
Yi1 K

13



4 !
011 091 O3

where A = | §91 oy &5, | and

031 032 033

T-2 '
61 = o2 o 4+ (1—-al"H2e2
=0
b1 = (L=a" 1)y 00 = dpy;
031 = (L—a" ot + (1 —a" )y
532 - ¢mp + fyl(z)pp;
_ 2 / 2 /
533 = On + qsppry + +Ux1 + 27 ¢pm'
(511 (5;1 / !
Let A = ,Ti:(p; yil),T:(O M)andAll.*:(sll—
5*1 5**

6" 16.18,1. The conditional distribution of ¢;7 given r; is
Cit | ri ~ii.d. N ((5;15;*1(7] — 7'), Au_*) .
This gives

vir | T (15)

~ iid N((1- aTﬁl),u +(1- aTﬁl)fy'pi + aTﬁlyil + 6;15;*1(7'1- —7), A11.4).

Let s;7 = yir—(1—aT Vp— (1 —aT1)y'p; —aT 1y — 6,10, (ri — 7). Then, s;r

and r; are independent for every i and T'. Assuming that ¢,,, is known®, the likelihood

2

2 6%, 0% are obtained from relations (14)

function of the parameters o, v, 5, i, o =

and (15) as

2 2 2
L(Ota%ﬂaffuaﬁbmp’Um;le | Z/lTy---nyTﬂ"l’---»?“N)

1 52
= IV, —— ——
=1 VvV 27T'All.* P < 2A11.*>
xIIN, (27) =B H1)/2 et (8,,) "2 exp <; (ri — 1) 65 (s — T)) ,

Tn practice, ¢pp can be estimated using the observations {p:}.

14



which gives the log-likelihood function

N
N
l(OZ,’}/,/L, 0121>¢mp7012na0';2(1) = C— Eln((sll 5*1(5**15*1 Z All

where c is a constant.

The CSMLEs of the unknown parameters are obtained by maximizing the log-
likelihood function (16). Their asymptotic properties can be derived as in Section 3.
Let ¢ = [a,7, 14,05, Oy, O, 0, |- Additionally, let Cosyne and ¢, be the CSMLE
and the true value of {, respectively. Under Assumption 2 and conditions similar to

those of Theorem 1, the standard theory of MLE yields as for Theorem 1, as N — o0,

() Cosmre = Co

(i) VN QCesure = Co) ~ N(O,27Y), where T = —B (5 ).

These results indicate that the coefficients of time-invariant, endogenous regres-
sors can be estimated consistently. This is not possible for conventional methods
that rely on differencing. Exact formula of the information matrix Z can be de-
rived as for Theorem 1. The formula is unreported here, however, because it is more
complex than that of Theorem 1 and not needed for the present purpose. Adding
time-variant, endogenous variables to Model (13) and deriving similar results are also
possible. This requires assumptions on the dynamics of time-variant regressors and

correlations between the regressors and individual effect variables {u;}.

5.3 Bias-corrected pooled least squares estimator

Let ¢ = [¥,,, o] with 7, = (1 — a)y. The PLSE of ¢ is defined as

-1

Zi]\il Z?:z (pi — ) Zz 1 Zt o (Pi — D) (Wit—1 — U-1)
Zf\; Zfzz (pi = D) Yit—1 — J-1) Zz:1 Zt:Q(yi,t—l —y-1)?

Zz 1 Zt 2 ( )yzt
21:1 Zt:Q (Yit—1 — U-1)Vit

YprsE

15



Under Assumption 2, we obtain

(T - 1), (T - )6, TTa-a@-ve,,

bprsp—th = ) )
(T =17y, (T=1)(om +7'¢7) +5 (1 =) (T = 1oy,

where k = E (ZtT:Q(xi’t_l - :f:_l)2> . This shows that ¢ p;gp is inconsistent. The

BCPLSE of 9 is defined as

YpopLse = YpLse —

1 Zi\il Zthz (pi — p)? sz\il 23:2 (pi — D) Wit—1— Y1)

N T _ _ N T _
N zz‘:l Zt:? (pi — p) (yz‘,t—l —9-1) Zi:l Zt:Z(yiﬂf—l - 3/—1)2

y (1—acsmre)(T — 1)&meSMLE

Y

(1= acsmre)(T —1)6%csmLe

where &osvrE, émeS g and 62 ooy are the CSMLEs of the previous subsec-
tion. Then, as in Section 4, it is straightforward to show under Assumption 2, as

N — oo,
oo P
(i) ¥BepLse — ¥
(i) VN(poprse —¥) = Op(1).
0 .. A~y RS oY .
Let ¥pcprse be partitioned as [Wpoprse, ¥poprsel’s where Ypoprsp is of

dimension [,, and let Ypoprsp = @;CPLSE/(l - @%CPLSE). Then, we also have

() YscpLse = 7;

(i) VN(¥pcpLse —7) = Op(1).

These results show that v and « can be estimated consistently and that /N-
asymptotics applies to them. The bootstrap method of Section 4 can also be used

here.

6 Simulation

This section reports simulation results for the following estimators: CSMLE and BC-

PLSE of this paper, GMM estimators of Arellano and Bond (1991), Ahn and Schmidt
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(1995) and Blundell and Bond (1998), Han and Phillips’ (2010) first difference least

squares estimator and Han, Phillips and Sul’s (2014) panel fully aggregated estima-

tor. These estimators are explained briefly in the next subsection in relation to Model

(1) and Assumption 1.

6.1 Estimators for the PAR(1) model

6.1.1 GMM estimators

Arellano and Bond (1991) starts from Model (4) without the intercept term. Differ-

encing Model (3) gives
Ayt = aAyi -1 + Auge, (6=3,....T).
Under Assumption 1, we have
E(yi1 — p)uyg =0 for t > 2
and
E(m;u;) = 0 for every i and ¢,
which provides the (T' — 2)(7 — 1)/2 moment conditions
E(Auiy(yiz—j —p) =0 (G =2,..,t —1;t=3,...T).
Letting Au; = [Au;s, ..., Auir]’, Jir = yir — p, and

(T—-2)(T-1)/2

Uil 0

gllu:g'Q
Z; = R (T -2) ,

0 Yits s Yi T2 |

the moment conditions (17) can be written in vector notation as
E(Z!Au;) = 0.
The GMM estimator using this moment condition is
dasamm = ((Ay)’ Zvﬁlzlﬁy—l)fl (Ay) ZV' Z'AY,
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where Ay_1 = [(Ay1,-1), ..., (Ayn 1)) with Ay, 1 = [Ayia, ..., Ayir-1], Ay =
(A, ..., (Ayn)) with Ay; = [Ayiz, ..., Ayir)s, Z =2}, ..., Z\) and Viy = SN | Z!Au; A Z;.
This estimator requires estimating g and Aw;. The parameter p is estimated by
ﬁ Zﬁl Zthg yit, and Awu; is estimated by the following IV-GLS estimator under

the assumption Var(uy) = o2 for all 4 and ¢
arv_ors = (Ay_1) Z2(Z'(In @ H)Z) " 2 Ay_1) " (Ay_1) Z(Z'(InoH)Z) ' Z' Ay,

where H is a (T — 2) square matrix with 2s in the main diagonal, -1s in the first

subdiagonals and 0Os elsewhere.
In addition to the moment condition (17), Ahn and Schmidt (1995) find another

condition

E(uirAuy) =0, (t=2,..,T —1),

which is equivalent to
E(Yit—2Auit—1 — Gig—1Quy) =0, (t=3,...,T), (18)

if Var(uy) = o2 for every i and t. Letting u; = [u;2, ..., uir)’ and

—Yi2 0 0
Ui2 + i3 —Ui3 0
—Vi3 Y3+ Yia 0
—Yi4 0
A; = '
0 0 e — Ui, T—2
0 0 o Yir—2 +UiT—1
0 0 e —GiT-1 |

the moment condition (18) can be written as

Similarly, Arellano and Bond’s moment condition (17) can be written as E(Bju;) = 0,
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where

—¥i1 0 0
g1 — (Wi Gi2) - 0
B — 0 (9 ¥i2) 0
0 0 0
—(Ui1 Yi2 - UiT—2)
0 0 o (Fa Uiz - Tir—2)

Thus, Ahn and Schm-idt’s estimator we use is the GMM estimatm: that applies the
instrument matrix [A; B;] to the level-equation (1). Since Alir_; = 0 and Alir_
where i7_1 is an (7" — 1)-dimension vector of ones, the intercept term of Model (4)
cannot be estimated by Ahn and Schmidt’s estimator.

Blundell and Bond (1998) consider Model (4) without the intercept term and
propose a GMM estimator that employs more moment conditions than Arellano and

Bond’s (1991). The additional moment conditions of Blundell and Bond are
FE ((Uzt + mi(l — Oz))Ayi,t_l) =0, (t = 4,5, ...,T) (19)

and
E((Uzgg + mi(l — oz))AyZQ) =0, (20)
which hold under Assumption 1. Stacking Model (4) and its differenced version, we

have

Ay; Ay 1 Ay Ay 1
=« + =« + giv
Yi Yi,—1 U; + myilp—2 Yi,—1
where y; = [yis, ..., yir]” and y;,—1 = [yi2, ..., yi7—1)', The instrument matrix for this

model is

—

| 0 Ayir-1 |
which satisfies the condition E(Z;”¢;) = 0 under Assumption 1. The GMM estimator
of v using the instrument Z;" is defined in the same way as in Arellano and Bond.

This GMM estimator is called the system GMM estimator.
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Arellano and Bond’s and Ahn and Schmidt’s GMM estimators require T° > 3,
while Blundell and Bonds’s needs at least 4 time series observations. All of them
were constructed under the assumption |a| < 1. When the value « is in the vicinity
of 1, Arellano and Bond’s and Ahn and Schmidt’s GMM estimators suffer from the

problem of weak instruments as discussed in Blundell and Bond.

6.1.2 Least squares estimators
First-differencing of Model (3) gives
Ayt = aAy; -1 + Augy,
which Han and Phillips (2010) transform further such that’
20y + Ayig—1 = alYig—1 + Ny Mg = 2845 + (1 — @) Ayi 1. (21)

Because E(Ay;—1m;) = 0 for every a € (—1,1] when E(z%) = 02/(1 — o?) and
E(zizit41) = aFE(z3), Han and Phillips suggest using the pooled LSE for Model
(21). This estimator is called the first difference least squares estimator (FDLSE).
However, their requirements needed for the validity of their method do not hold under
Assumption 1. Consider the simplest case T' = 3. Then, Ay;s = (o — 1)x1 + w2 and
iz = 2(a — 1)zi1 + (2o — D)wzg + 2wiz. Thus, E(Ayiangs) = 2(a — 1)%02 + (2a —1)0?2
is not always equal to zero..

Han, Phillips and Sul (2014) employ Model (3) and the forward-looking regression
equation

Yis = pi(1 — @) + ayist1 + ujs,

where u}, = ujs — a(Yis+1 — Yi,s—1). Subtracting this equation from equation (3), the

new regression equation
Yit — Yis = Yit—1 — Yis+1) + Uit — U (22)

is obtained. When {u;} are serially uncorrelated, so are the regressors and errors

for all s <t —1and —1 < a < 1 under Han, Phillips and Sul’s model set-up. Using

"This transformation dates back to Phillips and Han (2008), who use the transformation to

estimate the univariate AR(1) model.
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the regression equation (22) for s = 1,2,...,t — 3, Han, Phillips and Sul propose the

estimator v .
-3
S S S S (i1 — Y1) (Wi — Yis)

N T -3
>oict Mg o1 Wit—1 — Yis41)?
which is called the panel fully aggregated estimator (PFAE). This looks similar to

QpPFAE =

)

Hahn, Hausman and Kuersteiner’s (2007) estimator, but they are different as ex-
plained in Han, Phillips and Sul’s (2014, p.207). PFAE requires T > 4 for its imple-
mentation. In addition, the regressors and errors are correlated under Assumption
1. In the simplest case T' =4 and s = 1, y;3 — yi2 = a(a — Dzj + (o — Duie +
wi3, Uia —uy = a(a — 1)z + wia + aup — uir. Therefore, E( y;3 — yi2)(wia —ujy) =

o?(a—1)%02 + a(a — 1)o2, which is not always equal to zero.

6.2 Efficiency comparison

Data were generated by Model (1) under Assumption 1. For simulation, values of

2

2
the parameters o, u, o o

u70

and 0)2(1, and sample sizes N and 1" should be selected.
First of all, we set = 0 and o2 = 1. For the initial variable z;1, we set

o2/(1—-a?), ifa<l1
P Ay -

5, ifa>1
and let 02 /02 = k. The set-up for the initial variable follows previous studies (e.g.,

Blundell and Bond, 1998) when a < 1. But when « > 1, the conventional set-up
2

cannot be used. Thus, we chose o5, = 5%, which is larger than the variance for
the stationary case. It is reasonable to do so, because the variance of observations
{z;t} becomes larger as the value of « increases. The parameter values considered
are « = 0.5.0.8,1.0,1.1; £ = 1, 2, and the sample sizes are N = 100, 500 and
T =4, 6. The number of iterations for simulation is 1,000. All the computation was

done by Matlab, and CSMLE was calculated by a Matlab procedure fmincon.

$When 0,2(1 = 10, it is found that the RMSEs of CSMLE and BCPLSE decrease and those of
FDLSE and PFAE increase. CSMLE and BCPLSE continue to show better performance than the

rest in this case.
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Table 1 reports empirical biases, variances and RMSEs of CSMLE, BCPLSE
(BCPLSEL), the two-stage BCPLSE (BCPLSE2), Arellano and Bond’s (1991) GMM
(GMM1), Ahn and Schmidt’s (1995) GMM (GMM2) and Blundell and Bond’s (1998)
GMM (GMM3) estimators, FDLSE and PFAE. We use RMSEs as a benchmark mea-
sure when the estimators’ performances are compared because these contain infor-
mation both on empirical biases and variances. The results reported in Table 1 can
be summarized as follows.

(i) Comparing the 8 estimators in terms of RMSEs, BCPLSE] tends to perform
best, and BCPLSE2 tends to come next. To summarize Table 1, Tables 4 reports
frequencies of the 8 estimators performing as best and second-best players in terms
of RMSEs. BCPLSEL performs best in 18 cases out of 48, BCPLSE2 in 15 cases,
and PFAE in 9 cases. Those 9 cases are from a = 0.5, 0.8. CSMLE performs best in
6 cases at « = 1., 1.1.. When PFAE performs best, the differences between PFAE
and BCPLSE are marginal. In contrast, when BCPLSE performs best, its RMSE is
sometimes less than 10% of that of PFAE (e.g., the case of (T, a, k) = (6,1.1,,1.0)
at N = 100). BCPLSE2 performs as a second-best player in 19 cases out of 48.
Then, BCPLSE1 and the Blundell-Bond GMM follow. These results indicate that
BCPLSE1 and BCPLSE2 perform quite well especially when a takes large values.
BCPLSEL1 tends to perform better than BCPLSE2 when o > 1.

(ii) At fixed N, RMSEs of most of the estimators tend to decrease as T' increases.

(iii) At fixed T, RMSEs of most of the estimators decrease as N increases. Excep-
tions are sometimes observed for GMM1 and GMM2 at o = 1. This occurs due to the
problem of weak instruments. At the other values of «, their RMSEs also decrease
as IV increases.

(iv) At « = 1 and o = 1.1, GMM1 and GMM2 perform poorly compared with
CSMLE, BCPLSE1, BCPLSE2 and GMM3. This stems from the problem of weak
instruments that these estimators share at these values of «.

(v) At o = 1.1, FDLSE and PFAE are strongly biased, causing high RMSEs.

(vi) As the value of k increases, most of the estimators perform poorer. FDLSE

and PFAE are invariant to the value of k.
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(vii) As the value of « grows, the RMSEs of CSMLE, BCPLSE1 and BCPLSE2
decrease, while those of FDLSE and PFAE show the opposite behavior.

CSMLE is based on the assumption of normality. Naturally, one wonders how
these estimators behave when the assumption is violated. To investigate this issue,
we generated {m;}, {u;:} and {z;1} by using the chi-square distribution with 2 de-
grees of freedom. Except this, all the features of Assumption 1 are satisfied. The
distribution’s skewness and excess kurtosis are 2 and 6, respectively, demonstrating
that the distribution is quite skewed and have thick tails compared to the standard
normal distribution. The results of this robustness check are reported in Table 2,
which is summarized as follows.

(i) RMSE’s of CSMLE, BCPLSE1 and BCPLSE2 worsen only slightly relative to
Table 1. This implies that the procedures of this paper work reasonably well even
under the chi-square distribution.

(ii) Comparing the 8 estimators in terms of RMSEs, BCPLSE2 tends to perform
best, and BCPLSE1 comes next. Frequencies of the 8 estimators performing as best
and second-best players in terms of RMSEs, reported in Table 4, confirm this. In fact,
CSMLE performs slightly better than that in Table 1. Other statements regarding
the comparison of the 8 estimators’ performances in Table 1 continue to hold for
Table 2.

(iii) All the other statements made for Table 1 continue to hold in Table 2.

In the experimental design for Tables 1 and 2, 02, = k. What would happen if
this assumption is violated? To study this issue, we performed the same experiments
as in Table 1, assuming that one half of individual effects have variance 0.5xk, and
the other half 1.5xk. The results are reported in Table 3, which we summarize as
follows.

(i) RMSE’s of CSMLE, BCPLSE1 and BCPLSE2 worsen only slightly relative to
Table 1. This indicates that the procedures of this paper work reasonably well even
when the assumption of homogenous individual effects are violated.

(ii) Comparing the 8 estimators in terms of RMSEs, BCPLSEL1 tends to perform
best, and BCPLSE2 tends to come next as in Table 1. See Table 4 for frequencies of
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the 8 estimators performing as best and second-best players in terms of RMSEs.

(iii) All the other statements made for Table 1 continue to hold in Table 3.

6.3 Bootstrap confidence intervals

This subsection reports finite-sample performance of the bootstrap confidence interval
of the PAR(1) coefficient explained in Section 4. Data were generated as for Table
1. We considered only the case N = 100 to save space and computation time. The
number of bootstrap iterations (B) is set at 1,000. Empirical coverage ratios of the
95% and 90% confidence intervals based 300 iterations are reported in Table 5. The
results in Table 5 show the coverage ratios are reasonably close the nominal coverage
ratios. It is expected that they can be improved further by increasing the number of

bootstrap iterations, although this incurs longer computation time.

7 Summary and further remarks

We have proposed two, new estimators for the PAR(1) models with short 7" and
large N. These estimators are based on the cross-sectional regression model using
the first time series observations as a regressor and the last as a dependent variable.
The regressors and errors of this regression model are dependent. The first estimator
is the cross-sectional MLE under the assumption of normal distributions that are
consistent in the presence of the regressor-error dependency of the cross-sectional
regression model. Using the cross-sectional MLE, we constructed the pooled least
squares estimator for the PAR model of order 1 that is free of asymptotic bias.
These two estimators were also extended to the PAR model with endogenous time-
variant and time-invariant regressors. The estimators of this paper provide consistent
estimates of the PAR coefficients for stationary, unit root and explosive PAR models,
estimate the coefficients of time-invariant regressors consistently and can be computed
as long as T' > 2. The estimators were shown to perform quite well in finite samples
relative to well-known GMM estimators.

This paper is focused only on the PAR(1) model, but it is possible to extend the
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methods of this paper to higher-order PAR models and panel vector autoregressive
model. These are deemed to be meaningful extensions of the idea of this paper and
await further research in the future. In addition, if individual effects are heterogenous,
the idea of grouped-fixed effects method (cf. Bonhomme, Lamadon and Manresa,

2016) may be applied.
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Appendix I Proofs

Proof of Theorem 1: (i) Conditions for the consistency of MLE given in Theorem
2.5 of Newey and McFadden (1994) are trivially satisfied.
(ii) We need to check conditions of Theorem 3.3 of Newey and McFadden (1994). Con-

ditions (i) and (ii) are trivially satisfied. In order to check condition (iii), let the com-

22 )
mon pdf of (zir,ya) be f(wi | 0) = Fr—ex (‘%ﬁ.z) Vo5 P (‘4@2225) ) -

1 N O S i A (s
py e exp < T S7ag ) := g(0)h(w;, 0), where w; = (zit, y;1). Because

of the inequality va? + b2 < |a|+|b| for a,b € R, the first part of condition (iii) holds
if [ supgem(a,) 10f (wi | 0)/00k| dw; < oo for k = 1,...,5, where 0(6,) denotes a neigh-

borhood of 8,. But, for the normal pdf, it is easy to show that

/ sup |0f(w; | 6)/00k| dw;

0eM(0,)
< sup \39 /39k\/ sup h(wj, 0)dw;
0N (0, 0eM(0,)
+ sup \/ sup |8h wj, 0)/00;| dw;
0en(6 0eNn(o
< OoQ.

The second part of part (iii) and part (v) can be shown to hold in a similar manner
using a little more complex notation. The details are not worth reporting here.
Derivation of the information matrix requires lengthy and tedious calculations. The

details can be obtained from http://inchoi.sogang.ac.kr/papers/list _hi.php.

Proof of Theorem 2: (i) This follows from Assumption 1 1 and Theorem 1.
(ii) We have

VN (&pcpLse — @)
N T _
= VN|a& a— (1—a) Y imy D pn(mi — m)mz>
( e Zi]il ZtT:Q(yz‘,t—l — 1)
—VN ((1 = Zi\il Zthz(mi —m)mi/N (1 acsure)(I’ —1)6 mCSMLE>
S S i1 — §-1)/N S S o Wig1 — §-1)2/N

= AN — BN, say.
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Equation (10) indicates Ay = O,(1) under Assumption 1. In addition,

N T
[ L—a) Y Y (mi—mymi/N — (1 - acsurp)(T — 1)6 mCSMLE]
=1 t=2
= [Z m)m;/N — & mCSMLE]
=1
N
[aCSMLEUmCSMLE - Z m)mi/N]
=1

= (T-1)VN [N Z ((mi —m)mi — om) — (Gmcsmre — 01211)]
i=1
N

+H(T —1)VN [(@CSMLE —a)6hosmLE — O <Z(m m)m;/N — mCSMLE)]
1 N =1
— T DU |3 (o o) - (s )
=1

+62 csmne(T — DVN [(desmre — a)]

1 N
—a(T —1)VN [N

((mi — m)ym; — o})) — (6hcsmrLe — U?n)]
=1

N
N Z ((mi —m)m; — U?n) - (&12HCSMLE B J?ﬂ)]

1=1

~

= (1-a)(T-1VN

| —
—

+62csmre(T — DVN(acsmre — )

= Op(l)v

which implies By = Op(1). Thus, the result follows.
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Note: Data were generated by Models (1) and (2) under Assumption 1 with o2 = 1.

Formula (23) provides the value of 0)2(1. The number of iterations is 1000.

Table 1: Efficiency comparison under normal distributions

Part A: N =100

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.1053  -0.0548 -0.0395 -0.0124 0.0155  -0.0062 0.0043  0.0032
Var 0.0233 0.0069 0.0057 0.0355 0.0326 0.0142 0.0146  0.0148
RMSE 0.1854 0.0993 0.0853 0.1888 0.1813 0.1192  0.1211  0.1218
(4,0.5,2.0) Bias -0.1259  -0.0826 -0.0644 -0.0183 0.0234  0.0011  0.0043  0.0032
Var 0.0255 0.0113 0.0102 0.0498 0.0443 0.0165 0.0146  0.0148
RMSE 0.2034 0.1347 0.1196 0.2239 0.2117 0.1283 0.1211  0.1218
(4,0.8,1.0) Bias -0.0387  -0.0267 -0.0230 -0.0329 -0.0236 -0.0274 0.0014  0.0006
Var 0.0076 0.0036 0.0028 0.0774  0.0573 0.0201  0.0170  0.0171
RMSE 0.0953 0.0658 0.0574 0.2801 0.2405 0.1443 0.1303  0.1308
(4,0.8,2.0) Bias -0.0462  -0.0341 -0.0294 -0.0462 -0.0293 -0.0271 0.0014  0.0006
Var 0.0084 0.0043 0.0031 0.1038 0.0691 0.0224 0.0170  0.0171
RMSE 0.1026 0.0741 0.0632 0.3255 0.2644 0.1520 0.1303  0.1308
(4,1.0,1.0) Bias -0.0040  -0.0035 -0.0034 -0.9061 -0.5763 -0.0193 -0.0046 -0.0044
Var 0.0009 0.0008 0.0008 0.8369 0.4535 0.0151 0.0193  0.0197
RMSE 0.0306 0.0292 0.0293 1.2876  0.8863  0.1244 0.1391  0.1405
(4,1.0,2.0) Bias -0.0044  -0.0037 -0.0035 -0.9106 -0.5733 -0.0207 -0.0046 -0.0044
Var 0.0011 0.0011 0.0011 0.7852 0.4636  0.0170  0.0193  0.0197
RMSE 0.0335 0.0330 0.0334 1.2706  0.8901 0.1321  0.1391  0.1405
(4,1.1,1.0) Bias -0.0025  0.0035 0.0047 -0.1018 -0.2159 -0.0046 0.2047  0.2039
Var 0.0008 0.0007 0.0007 0.1587  0.1753  0.0061  0.0227  0.0231
RMSE 0.0280 0.0264 0.0267 0.4112 04711 0.0780  0.2542  0.2544
(4,1.1,2.0) Bias -0.0026  0.0083 0.0122 -0.1223  -0.2300 -0.0039 0.2047  0.2039
Var 0.0009 0.0009 0.0009 0.1867 0.2065  0.0071  0.0227  0.0231
RMSE 0.0303 0.0310 0.0329 0.4491 0.5093 0.0843 0.2542  0.2544
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Part A: N = 100 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.1130  -0.0514 -0.0333 -0.0423 0.0317  0.0091  0.0042  0.0009
Var 0.0262 0.0083 0.0078 0.0115 0.0178  0.0089  0.0075  0.0041
RMSE 0.1974 0.1047 0.0942 0.1152  0.1372  0.0950  0.0869  0.0641
(6,0.5,2.0) Bias -0.1332  -0.0866 -0.0671 -0.0520 0.0511  0.0287  0.0042  0.0009
Var 0.0267 0.0147 0.0157 0.0145 0.0254 0.0136  0.0075  0.0041
RMSE 0.2110 0.1491 0.1421 0.1312 0.1673  0.1199  0.0869  0.0641
(6,0.8,1.0) Bias -0.0443  -0.0252 -0.0201 -0.0820 -0.0180 -0.0147 0.0043  0.0014
Var 0.0074 0.0024 0.0016 0.0192  0.0205 0.0103  0.0087  0.0044
RMSE 0.0970 0.0549 0.0450 0.1611  0.1444 0.1028 0.0935  0.0665
(6,0.8,2.0) Bias -0.0670  -0.0437 -0.0345 -0.1021 -0.0182 -0.0094 0.0043  0.0014
Var 0.0116 0.0044 0.0028 0.0241  0.0254 0.0119  0.0087  0.0044
RMSE 0.1267 0.0796 0.0631 0.1857 0.1603 0.1096  0.0935  0.0665
(6,1.0,1.0) Bias -0.0036  -0.0025 -0.0023 -0.8195 -0.3595 -0.0197 0.0034  -0.0002
Var 0.0005 0.0004 0.0004 0.1954 0.2242 0.0091 0.0104  0.0051
RMSE 0.0228 0.0205 0.0205 0.9311  0.5945 0.0974 0.1020  0.0715
(6,1.0,2.0) Bias -0.0038  -0.0031 -0.0028 -0.8192  -0.3441 -0.0204 0.0034  -0.0002
Var 0.0006 0.0005 0.0005 0.1942 0.2172  0.0099 0.0104  0.0051
RMSE 0.0247 0.0233 0.0235 0.9303 0.5793 0.1018 0.1020  0.0715
(6,1.1,1.0) Bias -0.0023  0.0031 0.0040 -0.0855 -0.0756 -0.0069 0.2578  0.2005
Var 0.0004 0.0003 0.0003 0.0247  0.0284 0.0039 0.0133  0.0051
RMSE 0.0195 0.0166 0.0168 0.1789  0.1846  0.0627  0.2824  0.2129
(6,1.1,2.0) Bias -0.0026  0.0068 0.0095 -0.0932 -0.0820 -0.0066 0.2578  0.2005
Var 0.0004 0.0003 0.0003 0.0270  0.0283 0.0041 0.0133  0.0051
RMSE 0.0211 0.0194 0.0204 0.1888 0.1872 0.0643 0.2824  0.2129
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Part B: N = 500

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0415  -0.0224 -0.0150 0.0019  0.0074  -0.0020 0.0009  0.0005
Var 0.0076 0.0025 0.0017 0.0069  0.0067  0.0027  0.0032  0.0031
RMSE 0.0966 0.0549 0.0441 0.0831 0.0822 0.0524 0.0567  0.0560
(4,0.5,2.0) Bias -0.0429  -0.0277 -0.0197 0.0014 0.0094 -0.0023 0.0009  0.0005
Var 0.0089 0.0042 0.0029 0.0095 0.0091 0.0032 0.0032  0.0031
RMSE 0.1038 0.0701 0.0576 0.0973  0.0958 0.0563  0.0567  0.0560
(4,0.8,1.0) Bias -0.0231  -0.0178 -0.0160 0.0010  0.0018 -0.0042 0.0006  0.0004
Var 0.0018 0.0010 0.0008 0.0142 0.0134 0.0031 0.0038  0.0038
RMSE 0.0483 0.0363 0.0325 0.1190 0.1157 0.0562  0.0613  0.0613
(4,0.8,2.0) Bias -0.0272  -0.0220 -0.0195 0.0002  0.0011 -0.0061 0.0006  0.0004
Var 0.0029 0.0018 0.0014 0.0179  0.0166  0.0035 0.0038  0.0038
RMSE  0.0602 0.0480 0.0422 0.1340 0.1287  0.0596 0.0613  0.0613
(4,1.0,1.0) Bias -0.0007  -0.0005 -0.0005 -0.8893 -0.7471 0.0006  0.0006  0.0006
Var 0.0002 0.0002 0.0002 0.7894  0.4243  0.0009 0.0041  0.0041
RMSE 0.0130 0.0125 0.0125 1.2571  0.9912 0.0300 0.0639  0.0641
(4,1.0,2.0) Bias -0.0009  -0.0007 -0.0006 -0.8863 -0.7308 0.0007  0.0006  0.0006
Var 0.0002 0.0002 0.0002 0.7228  0.4241 0.0009  0.0041  0.0041
RMSE 0.0143 0.0143 0.0145 1.2281 0.9789 0.0306 0.0639  0.0641
(4,1.1,1.0) Bias -0.0002  0.0058 0.0069 -0.0201 -0.0451 0.0008  0.2141  0.2115
Var 0.0001 0.0001 0.0001 0.0217  0.0259 0.0004 0.0045  0.0045
RMSE 0.0118 0.0124 0.0130 0.1485 0.1672 0.0190 0.2244  0.2218
(4,1.1,2.0) Bias -0.0003  0.0106 0.0142 -0.0233 -0.0502 0.0011  0.2141  0.2115
Var 0.0002 0.0002 0.0002 0.0250  0.0301 0.0004 0.0045  0.0045
RMSE 0.0129 0.0164 0.0190 0.1598 0.1805 0.0194 0.2244  0.2218
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Part B: N = 500 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0492  -0.0219 -0.0119 -0.0060 0.0069 -0.0011 0.0038  0.0014
Var 0.0108 0.0026 0.0017 0.0021  0.0024 0.0010 0.0016  0.0009
RMSE 0.1149 0.0551 0.0424 0.0458 0.0491 0.0323 0.0396  0.0296
(6,0.5,2.0) Bias -0.0576  -0.0353 -0.0236 -0.0071  0.0118 0.0003  0.0038  0.0014
Var 0.0133 0.0055 0.0037 0.0026  0.0033  0.0011  0.0016  0.0009
RMSE 0.1288 0.0822 0.0653 0.0512  0.0583 0.0338 0.0396  0.0296
(6,0.8,1.0) Bias -0.0235  -0.0157 -0.0133 -0.0146 -0.0043 -0.0065 0.0035  0.0007
Var 0.0015 0.0006 0.0004 0.0035 0.0036 0.0012 0.0018  0.0010
RMSE 0.0449 0.0282 0.0239 0.0609 0.0601  0.0355 0.0427  0.0311
(6,0.8,2.0) Bias -0.0274  -0.0198 -0.0166 -0.0173 -0.0039 -0.0076 0.0035  0.0007
Var 0.0019 0.0008 0.0006 0.0044 0.0045 0.0014 0.0018  0.0010
RMSE 0.0514 0.0351 0.0289 0.0683 0.0672 0.0384  0.0427  0.0311
(6,1.0,1.0) Bias -0.0009  -0.0008 -0.0007 -0.8341 -0.5166 -0.0021 0.0025  -0.0004
Var 0.0001 0.0001 0.0001 0.1976  0.1862 0.0006  0.0020  0.0010
RMSE 0.0097 0.0085 0.0085 0.9452 0.6732 0.0241 0.0449  0.0312
(6,1.0,2.0) Bias -0.0010  -0.0010 -0.0010 -0.8350 -0.5019 -0.0021 0.0025  -0.0004
Var 0.0001 0.0001 0.0001 0.1977  0.1835 0.0007  0.0020  0.0010
RMSE 0.0105 0.0097 0.0097 0.9459 0.6599 0.0256  0.0449  0.0312
(6,1.1,1.0) Bias -0.0006  0.0041 0.0048 -0.0106 -0.0250 -0.0001 0.2588  0.2027
Var 0.0001 0.0000 0.0000 0.0034  0.0042 0.0002 0.0025  0.0009
RMSE 0.0083 0.0079 0.0083 0.0592 0.0695 0.0141 0.2635  0.2049
(6,1.1,2.0) Bias -0.0007  0.0079 0.0100 -0.0125 -0.0267 0.0004  0.2588  0.2027
Var 0.0001 0.0001 0.0001 0.0038  0.0045 0.0002 0.0025  0.0009
RMSE 0.0091 0.0109 0.0125 0.0628  0.0719  0.0147  0.2635  0.2049
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Part C: N = 1000

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0309  -0.0179 -0.0125 -0.0005 0.0022 -0.0016 0.0014  0.0010
Var 0.0053 0.0018 0.0012 0.0034 0.0034 0.0014 0.0016  0.0015
RMSE 0.0791 0.0463 0.0364 0.0587 0.0583  0.0373  0.0404  0.0391
(4,0.5,2.0) Bias -0.0294  -0.0200 -0.0149 -0.0009 0.0031  -0.0017 0.0014  0.0010
Var 0.0057 0.0028 0.0019 0.0047  0.0046 0.0016 0.0016  0.0015
RMSE 0.0808 0.0563 0.0464 0.0684 0.0678  0.0399  0.0404 0.0391
(4,0.8,1.0) Bias -0.0181  -0.0145 -0.0132 -0.0025 -0.0021 -0.0027 0.0012  0.0011
Var 0.0009 0.0005 0.0004 0.0072  0.0070  0.0016  0.0019  0.0019
RMSE 0.0356 0.0272 0.0246 0.0848  0.0836  0.0399  0.0439  0.0437
(4,0.8,2.0) Bias -0.0213  -0.0176 -0.0158 -0.0033 -0.0028 -0.0038 0.0012  0.0011
Var 0.0016 0.0010 0.0008 0.0090 0.0086  0.0017  0.0019  0.0019
RMSE  0.0454 0.0361 0.0318 0.0948 0.0929 0.0418 0.0439  0.0437
(4,1.0,1.0) Bias -0.0005  -0.0004 -0.0003 -0.9119 -0.8158 0.0002  0.0008  0.0009
Var 0.0001 0.0001 0.0001 1.2067  0.4797 0.0004 0.0021  0.0021
RMSE 0.0091 0.0087 0.0087 1.4277  1.0701  0.0208 0.0455  0.0456
(4,1.0,2.0) Bias -0.0006  -0.0005 -0.0005 -0.9247 -0.8163 0.0001  0.0008  0.0009
Var 0.0001 0.0001 0.0001 1.5444  0.4659 0.0004 0.0021  0.0021
RMSE  0.0099 0.0099 0.0100 1.5490 1.0641 0.0210 0.0455  0.0456
(4,1.1,1.0) Bias -0.0003  0.0058 0.0070 -0.0077 -0.0201 0.0003 0.2142  0.2114
Var 0.0001 0.0001 0.0001 0.0111  0.0119 0.0002  0.0023  0.0023
RMSE  0.0084 0.0097 0.0104 0.1055 0.1111 0.0132  0.2195  0.2167
(4,1.1,2.0) Bias -0.0003  0.0106 0.0142 -0.0095 -0.0227 0.0004 0.2142  0.2114
Var 0.0001 0.0001 0.0001 0.0126  0.0137  0.0002 0.0023  0.0023
RMSE 0.0091 0.0138 0.0167 0.1128  0.1191 0.0134  0.2195  0.2167
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Part C: N = 1000 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0216  -0.0094 -0.0050 -0.0024 0.0038  -0.0007 0.0014  0.0007
Var 0.0063 0.0014 0.0008 0.0011  0.0011  0.0005 0.0008  0.0004
RMSE 0.0820 0.0392 0.0294 0.0327  0.0334 0.0222  0.0276  0.0209
(6,0.5,2.0) Bias -0.0390  -0.0240 -0.0159 -0.0030  0.0060 -0.0003 0.0014  0.0007
Var 0.0085 0.0033 0.0019 0.0013  0.0015 0.0005 0.0008  0.0004
RMSE 0.1000 0.0620 0.0466 0.0368  0.0390 0.0232  0.0276  0.0209
(6,0.8,1.0) Bias -0.0150  -0.0103 -0.0088 -0.0062 -0.0012 -0.0036 0.0013  0.0000
Var 0.0008 0.0003 0.0002 0.0017  0.0017  0.0005 0.0009  0.0005
RMSE 0.0321 0.0210 0.0181 0.0422 0.0414 0.0235 0.0296  0.0216
(6,0.8,2.0) Bias -0.0190  -0.0141 -0.0119 -0.0076  -0.0012 -0.0047 0.0013  0.0000
Var 0.0011 0.0005 0.0003 0.0022  0.0022 0.0006  0.0009  0.0005
RMSE 0.0376 0.0265 0.0221 0.0474 0.0464 0.0252 0.0296  0.0216
(6,1.0,1.0) Bias -0.0001  -0.0001 -0.0001 -0.8135 -0.5888 -0.0009 0.0013  -0.0001
Var 0.0000 0.0000 0.0000 0.1886 0.1835 0.0002  0.0010  0.0005
RMSE 0.0068 0.0061 0.0061 0.9222 0.7281 0.0133  0.0317  0.0224
(6,1.0,2.0) Bias -0.0001  -0.0001 -0.0001 -0.8113 -0.5758 -0.0009 0.0013  -0.0001
Var 0.0001 0.0000 0.0000 0.1877 0.1838 0.0002  0.0010  0.0005
RMSE 0.0074 0.0070 0.0070 0.9197  0.7179  0.0137  0.0317  0.0224
(6,1.1,1.0) Bias 0.0000 0.0045 0.0051 -0.0061 -0.0142 0.0000 0.2588  0.2038
Var 0.0000 0.0000 0.0000 0.0016  0.0018 0.0001  0.0013  0.0005
RMSE 0.0059 0.0067 0.0071 0.0405 0.0447 0.0079  0.2614  0.2050
(6,1.1,2.0) Bias 0.0000 0.0083 0.0104 -0.0071  -0.0148 0.0002  0.2588  0.2038
Var 0.0000 0.0000 0.0000 0.0018  0.0020 0.0001  0.0013  0.0005
RMSE 0.0064 0.0099 0.0117 0.0430 0.0470 0.0081 0.2614  0.2050
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Note: Note for Table 1 also applies here except that (x%(2) — 2)/2 is used instead of

standard normal variates.

Table 2: Efficiency comparison under nonnormal distributions

Part A: N =100
(T, a, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0915  -0.0421 -0.0374 -0.0110 -0.0081 -0.0104 0.0059 0.0018
Var 0.0333 0.0105 0.0074 0.0340 0.0349 0.0149 0.0225  0.0214
RMSE  0.2040 0.1110 0.0938 0.1847  0.1871 0.1224  0.1501 0.1463
(4,0.5,2.0) Bias -0.1173  -0.0700 -0.0609 -0.0161 -0.0067 -0.0042 0.0059 0.0018
Var 0.0386 0.0178 0.0144 0.0446  0.0472 0.0176  0.0225  0.0214
RMSE 0.2288 0.1507 0.1346 0.2117  0.2174 0.1326  0.1501 0.1463
(4,0.8,1.0) Bias -0.0397  -0.0275 -0.0224 -0.0437 -0.0789 -0.0266 0.0032 -0.0014
Var 0.0109 0.0052 0.0032 0.0912  0.0757 0.0197  0.0220  0.0246
RMSE 0.1116 0.0770 0.0609 0.3051  0.2862 0.1428 0.1484  0.1570
(4,0.8,2.0) Bias -0.0575  -0.0415 -0.0324 -0.0373  -0.0939 -0.0255 0.0032 -0.0014
Var 0.0168 0.0088 0.0049 0.6916  0.0903 0.0220 0.0220  0.0246
RMSE 0.1417 0.1023 0.0769 0.8324 0.3149 0.1505 0.1484  0.1570
(4,1.0,1.0) Bias -0.0022  -0.0017 -0.0015 -0.9639 -0.6930 -0.0222 -0.0022 -0.0027
Var 0.0009 0.0008 0.0008 1.1333  0.4539 0.0138  0.0214 0.0235
RMSE 0.0306 0.0289 0.0287 1.4361 0.9665 0.1194 0.1463  0.1535
(4,1.0,2.0) Bias -0.0024  -0.0019 -0.0015 -0.9224 -0.6730 -0.0249 -0.0022 -0.0027
Var 0.0011 0.0011 0.0011 0.8872  0.4262 0.0157 0.0214 0.0235
RMSE 0.0337 0.0331 0.0330 1.3183 0.9376 0.1278 0.1463  0.1535
(4,1.1,1.0) Bias -0.0015  0.0048 0.0065 -0.1042 -0.3218 -0.0101 0.2134 0.2212
Var 0.0008 0.0007 0.0007 0.1956  0.2176  0.0059  0.0240 0.0284
RMSE 0.0285 0.0267 0.0270 0.4544  0.5667 0.0772  0.2638  0.2781
(4,1.1,2.0) Bias -0.0015  0.0096 0.0144 -0.1229 -0.3367 -0.0102 0.2134 0.2212
Var 0.0010 0.0010 0.0010 0.2216  0.2408  0.0067  0.0240 0.0284
RMSE 0.0317 0.0324 0.0345 0.4865 0.5951 0.0823 0.2638  0.2781
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Part A: N = 100, (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0972  -0.0331 -0.0195 -0.0274 0.0159  0.0073  0.0043  0.0008
Var 0.0373 0.0105 0.0085 0.0103  0.0187 0.0096  0.0087  0.0055
RMSE 0.2162 0.1079 0.0943 0.1053  0.1375 0.0984  0.0934  0.0739
(6,0.5,2.0) Bias -0.1286  -0.0713 -0.0489 -0.0336  0.0303  0.0256  0.0043  0.0008
Var 0.0384 0.0201 0.0162 0.0128  0.0264 0.0137  0.0087  0.0055
RMSE 0.2343 0.1586 0.1362 0.1180  0.1653  0.1197  0.0934  0.0739
(6,0.8,1.0) Bias -0.0520  -0.0287 -0.0180 -0.0645 -0.0467 -0.0207 0.0028  -0.0011
Var 0.0123 0.0035 0.0018 0.0184 0.0238 0.0099  0.0095  0.0060
RMSE 0.1226 0.0657 0.0461 0.1501  0.1613  0.1018 0.0974  0.0772
(6,0.8,2.0) Bias -0.0783  -0.0486 -0.0294 -0.0780 -0.0519 -0.0117 0.0028  -0.0011
Var 0.0190 0.0073 0.0030 0.0226  0.0311  0.0126  0.0095  0.0060
RMSE 0.1585 0.0981 0.0619 0.1693 0.1839 0.1129 0.0974  0.0772
(6,1.0,1.0) Bias -0.0028  -0.0025 -0.0007 -0.7656 -0.4026 -0.0308 -0.0020 -0.0050
Var 0.0005 0.0004 0.0004 0.1884 0.2119 0.0086  0.0099  0.0049
RMSE 0.0232 0.0205 0.0199 0.8800 0.6116  0.0979  0.0995  0.0703
(6,1.0,2.0) Bias -0.0029  -0.0027 -0.0009 -0.7659 -0.3873 -0.0312 -0.0020 -0.0050
Var 0.0006 0.0006 0.0005 0.1907  0.2067  0.0100  0.0099  0.0049
RMSE 0.0254 0.0236 0.0228 0.8816 0.5972  0.1049  0.0995  0.0703
(6,1.1,1.0) Bias -0.0024  0.0029 0.0050 -0.0820 -0.1187 -0.0144 0.2552  0.1999
Var 0.0004 0.0003 0.0003 0.0243 0.0372  0.0039 0.0138  0.0058
RMSE 0.0203 0.0168 0.0167 0.1763  0.2264 0.0641  0.2809  0.2140
(6,1.1,2.0) Bias -0.0025  0.0066 0.0107 -0.0899 -0.1264 -0.0151 0.2552  0.1999
Var 0.0005 0.0004 0.0003 0.0263 0.0393 0.0042 0.0138  0.0058
RMSE 0.0229 0.0204 0.0213 0.1855 0.2351 0.0662  0.2809  0.2140
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Part B: N = 500

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0590  -0.0347 -0.0185 -0.0039 0.0002  -0.0062 0.0038  0.0032
Var 0.0106 0.0032 0.0020 0.0068  0.0069 0.0028 0.0043  0.0042
RMSE 0.1188 0.0660 0.0485 0.0823 0.0830 0.0531  0.0658  0.0652
(4,0.5,2.0) Bias -0.0638  -0.0447 -0.0235 -0.0060 0.0003  -0.0067 0.0038  0.0032
Var 0.0118 0.0052 0.0033 0.0090 0.0093 0.0032 0.0043  0.0042
RMSE  0.1260 0.0849 0.0619 0.0950  0.0964 0.0570 0.0658  0.0652
(4,0.8,1.0) Bias -0.0255  -0.0204 -0.0165 -0.0076 -0.0112 -0.0118 0.0028  0.0018
Var 0.0018 0.0010 0.0009 0.0144 0.0144 0.0033 0.0042  0.0045
RMSE 0.0497 0.0375 0.0336 0.1203  0.1204 0.0587  0.0651  0.0675
(4,0.8,2.0) Bias -0.0325  -0.0269 -0.0219 -0.0107  -0.0155 -0.0145 0.0028  0.0018
Var 0.0032 0.0019 0.0016 0.0181  0.0180 0.0037  0.0042  0.0045
RMSE  0.0655 0.0515 0.0454 0.1349 0.1351  0.0626  0.0651  0.0675
(4,1.0,1.0) Bias -0.0011  -0.0009 -0.0005 -0.8922 -0.7708 -0.0050 -0.0004 -0.0011
Var 0.0002 0.0002 0.0002 0.7861 0.3515 0.0010  0.0042  0.0043
RMSE 0.0130 0.0126 0.0128 1.2578  0.9725 0.0323  0.0652  0.0655
(4,1.0,2.0) Bias -0.0012  -0.0010 -0.0004 -0.8855 -0.7764 -0.0051 -0.0004 -0.0011
Var 0.0002 0.0002 0.0002 0.7978 0.3250 0.0011  0.0042  0.0043
RMSE 0.0142 0.0143 0.0145 1.2577  0.9632 0.0333  0.0652  0.0655
(4,1.1,1.0) Bias -0.0008  0.0054 0.0069 -0.0055 -0.0532 -0.0030 0.2128  0.2110
Var 0.0002 0.0001 0.0001 0.0257  0.0305 0.0004 0.00561  0.0051
RMSE 0.0123 0.0126 0.0134 0.1604 0.1827 0.0203  0.2244  0.2228
(4,1.1,2.0) Bias -0.0009  0.0102 0.0143 -0.0063 -0.0600 -0.0026 0.2128  0.2110
Var 0.0002 0.0002 0.0002 0.0295 0.0362 0.0004 0.00561  0.0051
RMSE 0.0138 0.0169 0.0197 0.1719 0.1996 0.0208  0.2244  0.2228
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Part B: N = 500 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0579  -0.0258 -0.0087 -0.0040 0.0076  -0.0046 0.0001  -0.0007
Var 0.0140 0.0034 0.0016 0.0020  0.0024 0.0010 0.0019  0.0012
RMSE 0.1316 0.0640 0.0412 0.0448 0.0499 0.0314 0.0433  0.0340
(6,0.5,2.0) Bias -0.0720  -0.0450 -0.0241 -0.0048 0.0122  -0.0032 0.0001  -0.0007
Var 0.0147 0.0064 0.0037 0.0025 0.0034 0.0011 0.0019  0.0012
RMSE 0.1412 0.0920 0.0654 0.0501  0.0599 0.0333 0.0433  0.0340
(6,0.8,1.0) Bias -0.0245  -0.0162 -0.0136 -0.0116 -0.0054 -0.0127 -0.0001 -0.0009
Var 0.0021 0.0007 0.0005 0.0034 0.0035 0.0012 0.0020 0.0012
RMSE 0.0523 0.0317 0.0256 0.0593  0.0597 0.0371  0.0442  0.0352
(6,0.8,2.0) Bias -0.0317  -0.0228 -0.0183 -0.0138 -0.0059 -0.0143 -0.0001  -0.0009
Var 0.0031 0.0013 0.0008 0.0041  0.0044 0.0014 0.0020  0.0012
RMSE 0.0641 0.0426 0.0331 0.0657  0.0667 0.0395 0.0442  0.0352
(6,1.0,1.0) Bias -0.0002  0.0000 -0.0006 -0.7941 -0.6217 -0.0075 0.0003  -0.0001
Var 0.0001 0.0001 0.0001 0.1827  0.1723  0.0007  0.0020  0.0010
RMSE 0.0100 0.0088 0.0087 0.9018  0.7475 0.0268  0.0450  0.0323
(6,1.0,2.0) Bias -0.0002  -0.0001 -0.0008 -0.7901 -0.6046 -0.0079 0.0003  -0.0001
Var 0.0001 0.0001 0.0001 0.1808  0.1751  0.0007  0.0020  0.0010
RMSE 0.0108 0.0101 0.0099 0.8972 0.7354 0.0283  0.0450  0.0323
(6,1.1,1.0) Bias -0.0001  0.0046 0.0048 -0.0112  -0.0359 -0.0030 0.2590  0.2044
Var 0.0001 0.0001 0.0000 0.0033  0.0045 0.0002 0.0029  0.0011
RMSE 0.0089 0.0084 0.0085 0.0582  0.0760 0.0148 0.2645  0.2072
(6,1.1,2.0) Bias -0.0002  0.0083 0.0101 -0.0135 -0.0386 -0.0025 0.2590  0.2044
Var 0.0001 0.0001 0.0001 0.0036  0.0049 0.0002 0.0029  0.0011
RMSE 0.0101 0.0117 0.0130 0.0613  0.0798 0.0152 0.2645  0.2072
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Part C: N = 1000

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0396  -0.0230 -0.0140 -0.0028 0.0000  -0.0037 -0.0003 -0.0003
Var 0.0065 0.0021 0.0012 0.0032  0.0032 0.0014 0.0022  0.0020
RMSE  0.0900 0.0513 0.0376 0.0565 0.0563  0.0377  0.0466  0.0442
(4,0.5,2.0) Bias -0.0383  -0.0262 -0.0163 -0.0038 0.0002  -0.0043 -0.0003 -0.0003
Var 0.0071 0.0031 0.0020 0.0043  0.0043 0.0016 0.0022  0.0020
RMSE 0.0923 0.0617 0.0480 0.0659  0.0655 0.0408 0.0466  0.0442
(4,0.8,1.0) Bias -0.0194  -0.0155 -0.0122 -0.0042 -0.0051 -0.0056 0.0000  -0.0002
Var 0.0010 0.0005 0.0004 0.0066  0.0065 0.0015 0.0021  0.0021
RMSE 0.0368 0.0279 0.0239 0.0815 0.0809 0.0395 0.0458  0.0460
(4,0.8,2.0) Bias -0.0251  -0.0208 -0.0167 -0.0054 -0.0067 -0.0071 0.0000  -0.0002
Var 0.0019 0.0012 0.0009 0.0083  0.0080 0.0017  0.0021  0.0021
RMSE  0.0502 0.0401 0.0337 0.0910 0.0899  0.0418 0.0458  0.0460
(4,1.0,1.0) Bias -0.0006  -0.0004 0.0001 -0.8818 -0.8520 -0.0016 -0.0006 -0.0006
Var 0.0001 0.0001 0.0001 0.9145 0.3348 0.0004 0.0021  0.0021
RMSE  0.0090 0.0087 0.0087 1.3008  1.0299  0.0203 0.0464  0.0463
(4,1.0,2.0) Bias -0.0007  -0.0005 0.0001 -0.8819 -0.8474 -0.0016 -0.0006 -0.0006
Var 0.0001 0.0001 0.0001 0.9095 0.3615 0.0004 0.0021  0.0021
RMSE  0.0098 0.0099 0.0100 1.2989  1.0390 0.0206  0.0464  0.0463
(4,1.1,1.0) Bias -0.0004  0.0059 0.0073 -0.0044 -0.0219 -0.0008 0.2134  0.2107
Var 0.0001 0.0001 0.0001 0.0107  0.0123  0.0002  0.0025  0.0027
RMSE  0.0084 0.0098 0.0108 0.1035 0.1130 0.0129 0.2192  0.2171
(4,1.1,2.0) Bias -0.0005  0.0106 0.0146 -0.0054 -0.0246 -0.0006 0.2134  0.2107
Var 0.0001 0.0001 0.0001 0.0121  0.0143 0.0002  0.0025  0.0027
RMSE  0.0094 0.0140 0.0174 0.1102  0.1220 0.0131  0.2192  0.2171
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Part C: N = 1000 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0371  -0.0160 -0.0036 -0.0013 0.0044 -0.0018 0.0000  0.0004
Var 0.0091 0.0021 0.0010 0.0010  0.0011  0.0005  0.0009  0.0005
RMSE 0.1025 0.0482 0.0323 0.0312 0.0327 0.0218 0.0294  0.0231
(6,0.5,2.0) Bias -0.0493  -0.0301 -0.0146 -0.0022 0.0062  -0.0016 0.0000  0.0004
Var 0.0109 0.0042 0.0022 0.0012  0.0014 0.0005  0.0009  0.0005
RMSE 0.1153 0.0712 0.0489 0.0351  0.0383 0.0228 0.0294  0.0231
(6,0.8,1.0) Bias -0.0206  -0.0137 -0.0089 -0.0032 -0.0005 -0.0060 0.0003  0.0005
Var 0.0011 0.0004 0.0003 0.0017  0.0016  0.0005 0.0009  0.0006
RMSE 0.0386 0.0247 0.0194 0.0413 0.0406 0.0241  0.0303  0.0240
(6,0.8,2.0) Bias -0.0220  -0.0160 -0.0117 -0.0046  -0.0008 -0.0078 0.0003  0.0005
Var 0.0014 0.0007 0.0004 0.0021  0.0020  0.0006  0.0009  0.0006
RMSE 0.0435 0.0307 0.0233 0.0458 0.0452 0.0262  0.0303  0.0240
(6,1.0,1.0) Bias -0.0007  -0.0005 0.0000 -0.8059 -0.6949 -0.0035 -0.0001  0.0001
Var 0.0000 0.0000 0.0000 0.1849  0.1577 0.0002  0.0010  0.0005
RMSE  0.0069 0.0061 0.0059 0.9134 0.8004 0.0150 0.0313  0.0221
(6,1.0,2.0) Bias -0.0008  -0.0007 0.0000 -0.8058 -0.6770 -0.0036 -0.0001  0.0001
Var 0.0001 0.0000 0.0000 0.1866  0.1603  0.0002  0.0010  0.0005
RMSE 0.0074 0.0070 0.0068 0.9143 0.7865 0.0157 0.0313  0.0221
(6,1.1,1.0) Bias -0.0005  0.0042 0.0051 -0.0087 -0.0199 -0.0017 0.2566  0.2033
Var 0.0000 0.0000 0.0000 0.0017  0.0020 0.0001  0.0014  0.0005
RMSE 0.0061 0.0064 0.0070 0.0419 0.0487 0.0088  0.2593  0.2046
(6,1.1,2.0) Bias -0.0006  0.0079 0.0104 -0.0097 -0.0209 -0.0014 0.2566  0.2033
Var 0.0000 0.0000 0.0000 0.0019 0.0022 0.0001 0.0014  0.0005
RMSE 0.0070 0.0097 0.0118 0.0441  0.0510 0.0090  0.2593  0.2046
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Table 3: Efficiency comparison under heterogenous individual effects

Note: Note for Table 1 applies here except that one half of random effect variables have

variance 0.5v/k, and the other half 1.5v/k.

Part A: N =100

(T, a, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.1042  -0.0544 -0.0405 -0.0174 0.0134 -0.0041 0.0051  0.0039
Var 0.0239 0.0069 0.0063 0.0368 0.0343 0.0144 0.0151  0.0149
RMSE 0.1865 0.0995 0.0892 0.1927v  0.1857 0.1201  0.1232  0.1219
(4,0.5,2.0) Bias -0.1334  -0.0875 -0.0690 -0.0229 0.0208  0.0036  0.0051  0.0039
Var 0.0265 0.0117 0.0113 0.0506  0.0455 0.0171 0.0151  0.0149
RMSE 0.2104 0.1393 0.1267 0.2261 0.2143 0.1307  0.1232  0.1219
(4,0.8,1.0) Bias -0.0439  -0.0304 -0.0263 -0.0454 -0.0212 -0.0219 0.0025  0.0015
Var 0.0094 0.0044 0.0033 0.0815 0.0599 0.0215 0.0172  0.0174
RMSE 0.1065 0.0731 0.0635 0.2891 0.2456 0.1483  0.1310  0.1318
(4,0.8,2.0) Bias -0.0497  -0.0368 -0.0320 -0.0601 -0.0281 -0.0203 0.0025  0.0015
Var 0.0093 0.0049 0.0037 0.1054 0.0728 0.0243 0.0172  0.0174
RMSE 0.1086 0.0792 0.0685 0.3302 0.2713  0.1571  0.1310  0.1318
(4,1.0,1.0) Bias -0.0050  -0.0045 -0.0043 -0.8814 -0.4670 -0.0180 -0.0046 -0.0044
Var 0.0010 0.0009 0.0009 0.8468  0.5386  0.0190  0.0193  0.0197
RMSE 0.0321 0.0303 0.0303 1.2743  0.8699 0.1391  0.1391  0.1405
(4,1.0,2.0) Bias -0.0055  -0.0049 -0.0046 -0.8945 -0.4467 -0.0182 -0.0046 -0.0044
Var 0.0012 0.0012 0.0012 1.0443  0.5032  0.0201  0.0193  0.0197
RMSE 0.0356 0.0348 0.0349 1.3581 0.8383  0.1428 0.1391  0.1405
(4,1.1,1.0) Bias -0.0038  0.0025 0.0038 -0.1279 -0.1720 -0.0077 0.2039  0.2030
Var 0.0009 0.0007 0.0007 0.8555 0.1636  0.0097  0.0230  0.0235
RMSE 0.0295 0.0273 0.0274 0.9337  0.4395 0.0989  0.2541  0.2543
(4,1.1,2.0) Bias -0.0041  0.0070 0.0111 -0.1332 -0.1817 -0.0072 0.2039  0.2030
Var 0.0010 0.0010 0.0010 0.3281 0.1990 0.0105 0.0230  0.0235
RMSE 0.0324 0.0322 0.0339 0.5880 0.4817 0.1028 0.2541  0.2543
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Part A: N = 100, (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.1021  -0.0446 -0.0296 -0.0408 0.0329 0.0129 0.0042  0.0014
Var 0.0287 0.0089 0.0083 0.0115 0.0168 0.0103  0.0079  0.0044
RMSE 0.1978 0.1043 0.0957 0.1147  0.1337  0.1021  0.0888  0.0666
(6,0.5,2.0) Bias -0.1274  -0.0810 -0.0626 -0.0498 0.0525 0.0314 0.0042  0.0014
Var 0.0271 0.0144 0.0154 0.0142  0.0237  0.0148 0.0079  0.0044
RMSE  0.2080 0.1449 0.1390 0.1292  0.1627 0.1258  0.0888  0.0666
(6,0.8,1.0) Bias -0.0423  -0.0237 -0.0189 -0.0865 -0.0144 -0.0090 0.0042  0.0012
Var 0.0075 0.0023 0.0015 0.0224  0.0189 0.0110 0.0088  0.0047
RMSE 0.0964 0.0530 0.0432 0.1727  0.1384 0.1052 0.0942  0.0684
(6,0.8,2.0) Bias -0.0653  -0.0420 -0.0330 -0.1055 -0.0143 -0.0030 0.0042  0.0012
Var 0.0119 0.0044 0.0027 0.0278  0.0227  0.0133  0.0088  0.0047
RMSE 0.1271 0.0783 0.0615 0.1973  0.1515 0.1153  0.0942  0.0684
(6,1.0,1.0) Bias -0.0028  -0.0020 -0.0018 -0.8234 -0.2980 -0.0194 0.0034  -0.0002
Var 0.0005 0.0004 0.0004 0.2023  0.2043 0.0097 0.0104  0.0051
RMSE 0.0229 0.0203 0.0203 0.9383 0.5414 0.1004 0.1020  0.0715
(6,1.0,2.0) Bias -0.0031  -0.0024 -0.0022 -0.8201 -0.2853 -0.0203 0.0034  -0.0002
Var 0.0006 0.0005 0.0005 0.2016 0.1914 0.0102 0.0104  0.0051
RMSE 0.0247 0.0231 0.0233 0.9350 0.5223 0.1033  0.1020  0.0715
(6,1.1,1.0) Bias -0.0020  0.0034 0.0043 -0.0926 -0.0600 -0.0066 0.2590  0.2015
Var 0.0004 0.0003 0.0003 0.0270  0.0232 0.0044 0.0137  0.0052
RMSE 0.0197 0.0166 0.0168 0.1885 0.1637 0.0665 0.2843  0.2139
(6,1.1,2.0) Bias -0.0024  0.0071 0.0099 -0.0995 -0.0668 -0.0079 0.2590  0.2015
Var 0.0005 0.0003 0.0003 0.0282  0.0246 0.0048 0.0137  0.0052
RMSE 0.0216 0.0195 0.0207 0.1953 0.1705 0.0694 0.2843  0.2139
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Part B: N = 500

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0484  -0.0274 -0.0195 -0.0011  0.0048  -0.0028 0.0002  -0.0007
Var 0.0086 0.0026 0.0017 0.0067  0.0065 0.0027  0.0033  0.0032
RMSE 0.1047 0.0575 0.0456 0.0821 0.0811 0.0522  0.0577  0.0567
(4,0.5,2.0) Bias -0.0495  -0.0334 -0.0253 -0.0008 0.0077  -0.0027 0.0002  -0.0007
Var 0.0085 0.0037 0.0027 0.0093  0.0090 0.0031 0.0033  0.0032
RMSE 0.1046 0.0696 0.0577 0.0967  0.0954  0.0561  0.0577  0.0567
(4,0.8,1.0) Bias -0.0228  -0.0180 -0.0165 -0.0059 -0.0042 -0.0055 0.0003  0.0000
Var 0.0016 0.0009 0.0007 0.0138 0.0126  0.0033  0.0038  0.0038
RMSE 0.0466 0.0349 0.0314 0.1175 0.1121  0.0574 0.0614  0.0616
(4,0.8,2.0) Bias -0.0276  -0.0227 -0.0204 -0.0064 -0.0043 -0.0070 0.0003  0.0000
Var 0.0025 0.0015 0.0011 0.0177  0.0158 0.0036  0.0038  0.0038
RMSE 0.0572 0.0449 0.0395 0.1334 0.1258 0.0607 0.0614  0.0616
(4,1.0,1.0) Bias -0.0007  -0.0005 -0.0005 -0.8904 -0.6759 0.0006  0.0006  0.0006
Var 0.0002 0.0002 0.0002 0.8617 0.4098 0.0011 0.0041  0.0041
RMSE 0.0131 0.0126 0.0126 1.2863  0.9310 0.0331  0.0639  0.0641
(4,1.0,2.0) Bias -0.0009  -0.0007 -0.0006 -0.8626 -0.6674 0.0006  0.0006  0.0006
Var 0.0002 0.0002 0.0002 1.5980  0.4218 0.0012  0.0041  0.0041
RMSE 0.0144 0.0144 0.0146 1.5304 0.9313 0.0339 0.0639  0.0641
(4,1.1,1.0) Bias -0.0004  0.0058 0.0070 -0.0110 -0.0378 0.0009  0.2137  0.2110
Var 0.0001 0.0001 0.0001 0.0226  0.0296 0.0004 0.0046  0.0046
RMSE 0.0120 0.0126 0.0132 0.1507  0.1761  0.0212  0.2243  0.2216
(4,1.1,2.0) Bias -0.0005  0.0106 0.0144 -0.0147 -0.0434 0.0013  0.2137  0.2110
Var 0.0002 0.0002 0.0002 0.0262 0.0335 0.0005 0.0046  0.0046
RMSE 0.0131 0.0165 0.0193 0.1624 0.1880 0.0217  0.2243  0.2216
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Part B: N = 500 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0376  -0.0152 -0.0075 -0.0046 0.0083  0.0001  0.0034  0.0018
Var 0.0112 0.0026 0.0016 0.0020  0.0024 0.0010 0.0016  0.0009
RMSE 0.1125 0.0530 0.0412 0.0455 0.0493 0.0318 0.0405  0.0307
(6,0.5,2.0) Bias -0.0590  -0.0363 -0.0246 -0.0061 0.0130 0.0015 0.0034  0.0018
Var 0.0115 0.0048 0.0036 0.0026  0.0033  0.0011  0.0016  0.0009
RMSE 0.1223 0.0783 0.0649 0.0510  0.0589  0.0335 0.0405  0.0307
(6,0.8,1.0) Bias -0.0231  -0.0152 -0.0129 -0.0118 -0.0017 -0.0048 0.0032  0.0007
Var 0.0015 0.0006 0.0004 0.0035 0.0035 0.0012 0.0019  0.0010
RMSE 0.0451 0.0282 0.0239 0.0607  0.0596 0.0355  0.0432  0.0319
(6,0.8,2.0) Bias -0.0292  -0.0209 -0.0173 -0.0147 -0.0016 -0.0058 0.0032  0.0007
Var 0.0022 0.0009 0.0006 0.0044 0.0044 0.0014 0.0019  0.0010
RMSE 0.0551 0.0372 0.0303 0.0679  0.0664 0.0384 0.0432  0.0319
(6,1.0,1.0) Bias -0.0008  -0.0007 -0.0006 -0.8205 -0.4350 -0.0022 0.0025  -0.0004
Var 0.0001 0.0001 0.0001 0.1940 0.1943 0.0008  0.0020  0.0010
RMSE  0.0099 0.0087 0.0087 0.9313 0.6193 0.0286  0.0449  0.0312
(6,1.0,2.0) Bias -0.0009  -0.0009 -0.0009 -0.8207 -0.4271 -0.0022 0.0025  -0.0004
Var 0.0001 0.0001 0.0001 0.1972  0.1950 0.0009  0.0020  0.0010
RMSE 0.0106 0.0099 0.0100 0.9331 0.6143 0.0301  0.0449  0.0312
(6,1.1,1.0) Bias -0.0005  0.0042 0.0049 -0.0145 -0.0263 -0.0003 0.2588  0.2028
Var 0.0001 0.0000 0.0000 0.0035 0.0043 0.0003 0.0026  0.0009
RMSE 0.0084 0.0081 0.0084 0.0609 0.0706 0.0169  0.2638  0.2051
(6,1.1,2.0) Bias -0.0007  0.0079 0.0101 -0.0162 -0.0282 0.0002  0.2588  0.2028
Var 0.0001 0.0001 0.0001 0.0039  0.0046  0.0003 0.0026  0.0009
RMSE 0.0093 0.0111 0.0128 0.0641 0.0736  0.0177  0.2638  0.2051
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Part C: N = 1000

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(4,0.5,1.0) Bias -0.0294  -0.0171 -0.0121 -0.0007  0.0020  -0.0010 0.0019  0.0015
Var 0.0049 0.0016 0.0010 0.0033 0.0033 0.0014 0.0018  0.0016
RMSE 0.0760 0.0436 0.0344 0.0578  0.0571 0.0375  0.0421  0.0406
(4,0.5,2.0) Bias -0.0335  -0.0232 -0.0176 -0.0012 0.0027  -0.0011 0.0019  0.0015
Var 0.0061 0.0029 0.0020 0.0045 0.0044 0.0016 0.0018  0.0016
RMSE 0.0849 0.0586 0.0481 0.0672  0.0665 0.0401 0.0421  0.0406
(4,0.8,1.0) Bias -0.0173  -0.0138 -0.0126 -0.0024 -0.0018 -0.0027 0.0017  0.0016
Var 0.0009 0.0005 0.0004 0.0070  0.0066  0.0016  0.0020  0.0020
RMSE 0.0346 0.0266 0.0242 0.0837 0.0814 0.0404 0.0446  0.0445
(4,0.8,2.0) Bias -0.0229  -0.0189 -0.0170 -0.0034 -0.0028 -0.0038 0.0017  0.0016
Var 0.0019 0.0012 0.0009 0.0087  0.0082  0.0018  0.0020  0.0020
RMSE 0.0491 0.0391 0.0343 0.0935 0.0904 0.0422 0.0446  0.0445
(4,1.0,1.0) Bias -0.0007  -0.0005 -0.0005 -0.9323 -0.7714 -0.0003 0.0008  0.0009
Var 0.0001 0.0001 0.0001 0.8102 0.4474 0.0005 0.0021  0.0021
RMSE  0.0090 0.0087 0.0087 1.2959  1.0211  0.0217  0.0455  0.0456
(4,1.0,2.0) Bias -0.0008  -0.0007 -0.0006 -0.9289 -0.7675 -0.0003 0.0008  0.0009
Var 0.0001 0.0001 0.0001 0.8938 0.4459 0.0005 0.0021  0.0021
RMSE  0.0098 0.0099 0.0101 1.3254 1.0174 0.0219 0.0455  0.0456
(4,1.1,1.0) Bias -0.0005  0.0057 0.0068 -0.0074 -0.0206 0.0000 0.2138  0.2110
Var 0.0001 0.0001 0.0001 0.0112  0.0131  0.0002  0.0023  0.0023
RMSE 0.0083 0.0097 0.0104 0.1061  0.1162 0.0139  0.2192  0.2164
(4,1.1,2.0) Bias -0.0005  0.0104 0.0141 -0.0090 -0.0231 0.0001  0.2138  0.2110
Var 0.0001 0.0001 0.0001 0.0127v  0.0149 0.0002  0.0023  0.0023
RMSE 0.0091 0.0137 0.0168 0.1131  0.1242 0.0140 0.2192  0.2164
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Part C: N = 1000 (continued)

(T, o, k) CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE
(6,0.5,1.0) Bias -0.0222  -0.0093 -0.0047 -0.0022 0.0041  -0.0003 0.0016  0.0009
Var 0.0068 0.0017 0.0010 0.0010  0.0011  0.0005 0.0008  0.0005
RMSE 0.0856 0.0417 0.0314 0.0322  0.0335 0.0225 0.0285  0.0221
(6,0.5,2.0) Bias -0.0397  -0.0246 -0.0165 -0.0028 0.0064  0.0002  0.0016  0.0009
Var 0.0084 0.0034 0.0021 0.0013  0.0015 0.0006  0.0008  0.0005
RMSE  0.0998 0.0633 0.0491 0.0363 0.0392 0.0235 0.0285  0.0221
(6,0.8,1.0) Bias -0.0150  -0.0101 -0.0086 -0.0057 -0.0005 -0.0033 0.0015  0.0003
Var 0.0009 0.0004 0.0003 0.0017  0.0017  0.0006  0.0009  0.0005
RMSE 0.0334 0.0213 0.0182 0.0418 0.0411 0.0244 0.0305  0.0227
(6,0.8,2.0) Bias -0.0183  -0.0135 -0.0114 -0.0071 -0.0006 -0.0043 0.0015  0.0003
Var 0.0011 0.0005 0.0004 0.0021  0.0021  0.0007  0.0009  0.0005
RMSE 0.0375 0.0266 0.0225 0.0467 0.0459 0.0259  0.0305  0.0227
(6,1.0,1.0) Bias -0.0001  -0.0001 -0.0001 -0.8187 -0.4923 -0.0014 0.0013  -0.0001
Var 0.0000 0.0000 0.0000 0.1903 0.1889 0.0003  0.0010  0.0005
RMSE 0.0065 0.0059 0.0059 0.9277  0.6567 0.0164 0.0317  0.0224
(6,1.0,2.0) Bias -0.0002  -0.0002 -0.0002 -0.8172 -0.4867 -0.0015 0.0013  -0.0001
Var 0.0000 0.0000 0.0000 0.1880 0.1869  0.0003  0.0010  0.0005
RMSE 0.0070 0.0067 0.0067 0.9251 0.6510 0.0169 0.0317  0.0224
(6,1.1,1.0) Bias -0.0001  0.0045 0.0051 -0.0072 -0.0142 -0.0003 0.2587  0.2037
Var 0.0000 0.0000 0.0000 0.0016  0.0019 0.0001  0.0013  0.0005
RMSE 0.0056 0.0066 0.0070 0.0405 0.0461 0.0096 0.2612  0.2049
(6,1.1,2.0) Bias -0.0001  0.0082 0.0104 -0.0082 -0.0150 -0.0001 0.2587  0.2037
Var 0.0000 0.0000 0.0000 0.0018 0.0021 0.0001 0.0013  0.0005
RMSE 0.0062 0.0098 0.0117 0.0427  0.0481 0.0097  0.2612  0.2049
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Table 4: Frequencies of best and second-best performers in terms of RMSE

CSMLE BCPLSE1 BCPLSE2 GMM1 GMM2 GMM3 FDLSE PFAE Total

Thl 1 Best 6 18 15 0 0 0 0 9 48
2nd-best 0 15 19 0 0 9 3 2 48
Thl 2 Best 10 5 25 0 0 6 0 2 48
2nd-best 0 27 6 0 0 4 2 9 48
Thl 3 Best 9 15 15 0 0 2 0 7 48
2nd-best 1 20 14 0 0 4 4 5 48
All Best 25 38 %) 0 0 8 0 18 144
2nd-best 1 62 39 0 0 17 9 16 144
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Table 5: Empirical coverage ratios of bootstrap confidence intervals of the PAR(1)
coefficient at N = 100

Note: Data were generated as for Table 1. Empirical coverage ratios are based on 300

iterations. The number of bootstrap iterations is set at 1000.

T,onk)  95%  90%

4,0.5,1.0) 0.98 0.94

4,05.2.0) 098 0.94
4,08,1.0) 092 0.84
4,0.82.0) 093 0.84
4,1.0,1.0) 093 0.86
4,1.0,2.0) 092 0.84

4,1.1,1.0) 0.92 0.87

6,0.5,1.0) 0.99 0.97

6,0.5,2.0) 0.98 0.95

6,0.8,1.0) 0.92 0.87

6,0.8,2.0) 091 0.82

6,1.0,1.0) 0.92  0.89

6,1.0,2.0) 0.94 0.88

(

( )

( )

( )

( )

( )

( )

( )

(4,1.1,2.0) 091 0.84
( )

( )

( )

( )

( )

( )

(6,1.1,1.0) 0.95 0.89
(6,1.1,2.0) 0.94 0.85
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